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Abstract

We determine in R" the form of curves C for which also any image
under an (n — 1)-dimensional algebraic torus is an almost geodesic
with respect to an affine connections V with constant coefficients
and calculate explicitly the components of V.
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1. Introduction

Geodesics are classical objects of differential geometry. They are
invariants for geodesic mappings.

E. Beltrami has shown that a differentiable curve is a local geodesic
with respect to an affine connection V precisely if it is a solution of
an Abelian differential equation with coefficients which are functions
of the components of V.

Almost geodesics curves and mappings have been introduced in 1963
by N.S. Sinyukov as generalizations of geodesic curves and map-

pings.
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2. Introduction

The explicit calculation of the form of curves C in the n-dimensional
real space R” which are geodesics or almost geodesics with respect
to an affine connection V is not achievable even in the case if the
components FZ- of V are constant. But we can do it if we suppose
that with C also all images of C under a real (n — 1)-dimensional
algebraic torus are also almost geodesics.

The determination of C becomes an algebraic problem, namely a
problem of polynomial identities.
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We consider a curve C homeomorphic to R which is a closed subset
of R" and has the form

C= (t, A(t),. .., fn(t)>, teR, (1)

where fi(t): R — R, i = 2,...,n, are three times differentiable
non-constant functions.
The system

3€(C):{(H—cl,bzfg(t)+c2,...,b,,f,,(t)+c,,), teR}, (2)

where b; # 0, ¢; € R,
is a set of imagines of C.
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v If every curve of X(C) is a geodesic with respect to an affine
connection V with constant coefficients FZ then the derivatives
f/(t) of the functions fi(t) are solutions of the first order linear
ordinary differential equations.

v If every curve of X(C) is an almost geodesic with respect to
V, then the derivatives f/(t) are solutions of harmonic oscillator
equations.

v If X(C) consists of Euclidean lines which are geodesic with respect
to V, then at the most I'}; may be different from 0.

In contrast to this

v if X(C) consists of Euclidean lines then there is huge quantity
of non-trivial connections V such that the lines of X(C) are almost
geodesic with respect to V.
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We apply results of differential geometry only for the n-dimensional
space R", where global coordinates exist.
The components

M hije{1,2,...,n},

of any affine connection V can be written in unique way in these
coordinates.
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Let

0= (t+cl,bgfg(t)+c2,...,b,,f,,(t)+cn), teR, (3)

be a curve of X(C).
Then

i = (1,b2f2’(t),...,bn f,;(t)>, )
7= (o, bof'(t), .., b fn”(t)). “
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7. Geodesics

Definition

By a geodesic of V we mean a piecewise C2-curve v: | — R”
satisfying
where o: | — R is a continuous function, / C R is an open interval.

Using the components of V the system of differential equations for
geodesics has the form

5 +Z 'Y =y, he{l2,.n (6)

ij=1

where FZ- are constant coefficients of an affine connections V.
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8. Geodesics

According to the (6) a curve ¢ of X(C) is a geodesic with respect to
V if and only if

n
éh"’ Z rgéiéjzg(t) éh, h=1,...,n. (7)
ij=1

From this for h = 1 we obtain o(t) and for h = 2,...,n after
substitution of the function o(t) we get equations (8)
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9. Geodesics

[2+bp: ( fi;/(t)+2rll7h'fi:(t)> +bp? (I—Zh_2rih> (F1(£))2=bp> THu(f(2))*A

2> Th bif/(t +Zr +2Zrhbbf’ - (t)-

i=2 i,j=2
i#h :;éh i#j#h
2Zr biby £(t) Zr biby f(t) - (£(£))*~
:;éh i;éh
2 > TG bbby fi(t) - f/(t) - f/(t) = 0. (8)
ik
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10. Geodesics

This identity is a polynomial expression in b;, b?, b3, bib; (i # j),
b,‘bh (i 75 h), b,'2bh (i 75 h), b,'bjbh (i #]) for i,h = 2, Lo, n.

Since all the variables are independent, their coefficients must be
zero.

Using it we get some relations from which it follows theorem
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11. Geodesics

Theorem

Any curve of X(C) is a geodesic with respect to a connection V
with constant coefficients {I'Z} if and only if for h =2,...,n the
function fn(t) has the form

f(t) = ape 2t 4 By (ap 0,84 €R) (9)

for all2 < h < n.

The only components of NV which can be different from 0 are '},
and I, =2rh,.
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12. Almost geodesic curves

Definition
By an almost geodesic of an affine connection V we mean a
piecewise C3-curve 7: | — R” satisfying

Vi(Vid) =e-7+0- Vi, (10)

where g, 0: | — R are continuous functions, / C R is an open
interval.
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13. Almost geodesic curves

Using the components of V the system of differential equations for
almost geodesics has the form

0SS (BTl A2 S T 3 T =

ij,k=1 ij=1 iyj=1

o(t) 4"+ (1) - (5" ol B3, (11)

ij=1
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14. Almost geodesic curves

A curve ¢ of X(C) is an almost geodesic with respect to V if and
only if we have

AR A AT Z rhid + Z Mo =
ij k=1 ij=1 ij=1

o) - "+ () (P + Z rsid). (12)

ij=1

From this for h = 1 we obtain p(t) and for h = 2,...,n after
substitution of the function o(t) we get equations (13)
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15. Almost geodesic curves
by (6) + 30 Mol + 3 (Foulfy + T M+ Foa ) by £ () +
m=1

i=2,m=1
n

> (Tt + Tl T+ Tan ) biby £(8) £/(t)+

ij=2,m=1

> Thili bbby £(8) f/(t) fi(t)+
y ijk=2,m=1 ,
2@ +T7) bif"(t) + 3 (2% +T]) bibf!(t)f/ (t)—

=2 n ij=2

baf, (t) (mi:l r.rm+ ’_zzzmzl(r}n,rﬂ LT L Ty by f()+
S T LAY + Thalg) biby £(2) f(e)+

;,j,k_znz,m_l Mo bibjbi /(1) £ (2) £(£)+

ST bif(0)+ 3 20} + 1) bib! (0(2) =

a(t).(ri’l—rh+2l_:i2(ri’,-+r,h1—ri,—rj}l)b,- ﬂ’(t)_tjzizz(rz_rb) bib; /(1) ﬂ/(t))

(13)



16. Almost geodesic curves

We can determine o only if not all coefficients in (13) are zero, we
treat first the case that for h > 2 one has

Mh+M=rh+r, i2L Th=r ij>2  (14)
Since identity (13) is a polynomial expression in b;, b;b;j, b;b;by,
bpbibjbk (2 < h,i,j, k < n) and all the variables are independent,
their coefficients must be zero.
Using (13) and (14) we obtain conditions, from which the next
theorem follows.
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17. Almost geodesic curves

Theorem

Let C be a curve of the form (1) and V be a connection with
constant coefficients {I'Z} satisfying relations (14).

Then any curve £ of X(C) is almost geodesic with respect to V if
and only if ¢ is represented by the functions f, having the following
forms

o f(t) = Cut?® + Dpt + E, where Cp, Dy, E € R, Cp, Dy, not both
zero and B =0,

o fh(t) = CheV =Pt — Dpe=V=Pnt where Cp, D), € R, not both
zero and B < 0,

o f4(t) = Cpsin(v/Brt) — Dpcos(v/Bh t), where Cp, D, € R, not
both zero and (5, > 0,
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18. Almost geodesic curves

where

Bh = Z <r/r7nh(r%1+2(r}11+r%h)+6r}1h>_r}nh (2(r}11+r%h)+r%1>+

m=1

R N R R )]
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19. Almost geodesic curves

Let « and g, jo such that for these indices we have
1
17

or
Iol 1/0 ;é rlol 1I07 (15)

or
lojo 7 I—IoJo’ i Jjo > 2.

In this case the coefficient of ¢ is not identically zero, and we can
compute o.
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20. Almost geodesic curves

We obtain that there are the following cases:
@ My =r} forall2<h<nand I+ =T} 4 for all
2 < i < n, but there exists an « and iy, jo such that

(e 1
r ioJo rl'ojo :
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20. Almost geodesic curves

We obtain that there are the following cases:
@ My =r} forall2<h<nand I+ =T} 4 for all
2<i< n but there exists an «a and fy, jo such that
(03
r’OJO ’O_/O
Q@I =rlforall2<h< n but there exists an « and iy such

that I'a1 + Fl,o #* r,ol 1,0
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20. Almost geodesic curves

We obtain that there are the following cases:

Qo F’l’l = Fh for all 2 < h < n and F;’l + F{’, = F}l + F%i for all
2<i< n but there exists an «a and fy, jo such that
r%JO ’O_/O

Q@I =rlforall2<h< n but there exists an « and iy such
that Iy, + 17, # r,ol 1,0

© There exists an « and fy, jo such that I'IOJ0 #* I',OJ0
200, + Fllo =0.
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20. Almost geodesic curves

We obtain that there are the following cases:

Qo F’l’l = Fh for all 2 < h < n and F;’l + F{’, = F}l + F%i for all
2<i< n but there exists an «a and fy, jo such that
r%JO ’O_/O

Q@I =rlforall2<h< n but there exists an « and iy such
that Iy, + 17, # r,ol

© There exists an « and fy, jo such that I'IOJ0 #* I',OJ0 ut
200, + Fllo =0.

@ There exists an « and fy, jo such that FIOJO #* I',OJ0 and
200, + Fllo #0.

1/0
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21. Almost geodesic curves

Here we consider the case, when

r’flzrh forall2< h<n
and (16)
I‘f’l + rf, = I’}l + F%i forall 2 <i<n,

but there exists an « and fy, jo such that

a 1
I_I'ojo 7& I_l'ojo' (17)
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22. Almost geodesic curves

Theorem

Let C be a curve of the form (1) and V be a connection with

constant coefficients {FZ} satisfying relations (16), (17). Then any
curve £ of X(C) is almost geodesic with respect to V if and only if ¢
is represented by the functions fy, f,, fi, having the following forms
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23. Almost geodesic curves

fu(t)

o fu(t) = CreMit + Dye?st, where Ch, Dy € R, Cp, Dy, are not both
zero and a2 — 4cp, > 0,

° fh(t) = (6ht—|- Dh)e_Taht, where E:h, Dh € R, &h, Dh are not
both zero and a% —4c, =0,

/32 __ — VP
o fp(t) = e*"ht/2< VA, | Dpsin Y2k Ao t), where

- a
Checos 5 5
Ch, Dy € R, Cp, Dy are not both zero and a% —4c, <0

with
an =200 + T, cn= Swin— Ti111,

_a, 2 _ _ 2
o ap — y/ay —4cp i anp+4/ay 4ch.
1 2 3 2 2 )
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24. Almost geodesic curves

fo(t)

o f(t) = Cot?> + Dyt + E, where C,, Dy, E € R, C,, D, are not
both zero and v, = 0,

o fo(t) = CoeV et — D,e VTt where Cy, D, € R, C,, D,
are not both zero and 7y, < 0,

o 1(t) = Cy Sin(y/Ya t) — D, cos(y/Ya t), where Co, Do € R,

60” ba are not both zero and v, >0

with
(M2 = Thi)(Thaij + Thaji + Thiaj + Thija + Thiai + Thjia)

Yo = 1 1 h h
r,j+rj,—r,.j—rj,

— T1111;
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25. Almost geodesic curves

fiy(t)

o fi(t) = (A:,-oe>‘10t + b,-oe’\zot, where C;, D, € R, C,, D, are not
both zero and a% —4cj, > 0,

‘fio(t):(a‘iot—i-[),-o)eizo where C; D cR, C

i0s is Di, are not
both zero and 32 4c;, =0,
1/ 4c, 1/
fi (t) = _a'ot/2<C cos¥° 2t D, o Sin—5—— ) where

[ J
6 ,Diy € R, C,-O, D;, are not both zero and a,-0 — 4c,-0 <0
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26. Almost geodesic curves

with a;, = 2|':°1 o

lip’

(rggjo r,OJD)(ThI[)U + Thloﬂ + T/'III[)J + Thulg + Thﬂol + Thjll[))
R N

P 2 _ Aes _ 3. 2 _Aes
\o —aj, — 1/ a; 4c;, \o Ajy + 4 /a,-0 4c;,
2

1~ ’ 2 !

Ciy =

Sipitip— T1111,

N

n

Sagcp = (rfr‘yorgc + Te(TBe + r?D))v

m=1

Tasco & Z r

We also found the relations which the components {F '} of affine
connection V satisfy.
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