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Einstein Hypersurfaces of the Cotangent Bundle

Ricci curvature plays a fundamental role in general relativity especially in
the Einstein field equations. The existence or the non-existence of Einstein
metrics on a manifold is related (in many papers) to some Clifford
algebras. Few examples are pointed out in what follows.

The use of Weitzenbdck formula for Dirac operators yield to several
examples of manifolds of dimension > 5, which do not admit any positive
Einstein metric. Moreover, a K3 surface (from Kodaira's classification) is
a complex surface with vanishing first Chen class and no global
holomorphic one-forms. This spin surface admits no metric with positive
scalar curvature and in particular no positive Einstein metric. The
obstructions for the existence of positive Einstein metric on a manifold M
are related with the Clifford algebra attached to the tangent bundle of M,
(see [2], pp. 169).
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On the other side, in [4, 5], Burdujan introduced some Clifford-Kaehler
manifolds which are proved to be Einstein. Also, the existence of parallel
non-flat even Clifford structures of rank > 3 on a complete simply
connected Riemannian manifold M" assures that the manifold is Einstein,
provided r # 4, n # 8, (see [13, Proposition 2.10)].

The purpose of this note is to provide a family of examples of Einstein
manifolds with positive scalar curvature.

First, we note that a semi-Riemannian metric on a manifold M gives rise
to a natural vector bundle isomorphism between the Clifford bundle of M
and the exterior bundle of M

CI(T*M) = A(T*M)

which is induced by the corresponding isomorphism on each fiber. This is
why one can view the sections of the Clifford bundle as differential forms
on M.
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Patterson and Walker introduced in [14] a semi-Riemannian metric g on
the total space T*M of the cotangent bundle of a manifold M" endowed
with a symmetric connection V, (see also [16,17]). Since then, this metric
g, called Riemann extension, was extensively used by several authors for
different purposes. For instance, this metric was used recently by [3, 7, §]
in context with Einstein structures, respectively Ricci solitons. (The
concept of Ricci solitons extends in a certain way the Einstein metric). In
[11, 15], the notion of Riemann extension was generalized by Kowalski and
Sekizawa to the notion of natural Riemann extension g (see the relations
(4)), which is a semi-Riemannian metric of neutral signature (n, n).
Certain metrics of neutral signature were studied by Crasmareanu and
Piscoran in [6] in relation with Clifford algebras. In particular, when M is a
surface, we note that (T*M, g) is an example of a four-dimensional
non-Lorentzian, semi-Riemannian manifold. The importance of neutral
metrics on four-dimensional manifolds is emphasized in [10]. In our paper,
if we take M to be a surface, then the family of hypersurfaces of (T*M, g)
are Lorentz manifolds.
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In Section 2, we recall some notions and results and also some
constructions and calculations are included for later use. In Section 3, we
prove some properties of a family of non-degenerate hypersurfaces of
(T*M, g) and we obtain some important consequences. Our main result
here states that each hypersurface of the above family is Einstein, with
positive scalar curvature. Some comments are provided at the end.
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Natural Riemann Extension

If M is an n-dimensional manifold (n > 2), then the space of phases(which
is its cotangent bundle) T*M contains all pairs (x, w), with x € M and
weE TiM. Let p: T*M — M, p(x,w) = x, be the natural projection of
T*M to M. For any local coordinate chart (U; x,...,x") on M, we
denote by (p~1(U);x!, ..., x", x*, ..., x™) the corresponding coordinate
chart on T*M such that for any i = 1, n, the function x' o p on p~1(U) is
identified with x' on U and we have X’ =w = W((a(?(, )x) at any point
(x,w) € p~1(U). With the notation —,- = 0; and a_ =0j,i =1,n, at
each point (x,w) € T*M one has a baS|s

{(al)(x,w)' s (an)(x,w)' (al*>(x,w)' s (an*)(xw)}

for the tangent space (T*M), -
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The Liouville type vector field W, globally defined on T*M is expressed in

local coordinates by
n
W = 2 W,'a,'*.
i=1

Everywhere here, (M) and x(M) will denote the set of all smooth real
functions on M and respectively the set of all vector fields on M.

The vertical lift f¥ on T*M of a function f on M, is defined by

fV = f op. The vertical lift XV on T*M of a vector field X € x(M) is a
function (called evaluation function) defined by

XY(x,w) = w(Xy),
or equivalently XV (x, w) = w;X'(x), where X = X'9;.

We stress that the vertical lift of any vector field on M is a function on
T*M and not a vector field tangent to T*M .

A vector field U € x(T*M) on the total space of the cotangent bundle of
M is defined by its action on all evaluation functions of the form
XV e F(T*M), where X € x(M).
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Proposition [17].

Let Ui and U be vector fields on T*M. If U;(Z*) = U2(Z") holds for all
Z € X(M), then U; = Us.

We use here some constructions of lifts from [18].

Any 1-form & € QY (M) on M can be lifted to a vector field a“ tangent to
T*M, which is defined by

a’(2%) = («(2))", VZ € x(M),
or equivalently by
o’ = a0y,
where & = a;dx; and we identify ¥ with f when f € F(M). It follows
that ¥ (f¥) = 0, Vf € F(M). The complete lift of a vector field

X € x(M) is a vector field X¢ € x(T*M), defined at any point
(x,w) € T*M by

XGew) = € ()0 (eom) = Wh(9i8") () (04) (x,w). (1)
where X = X'9;. Therefore, we have
X(Z")=[X,Z]",VYZ € x(M) and X°f' = (Xf)", VfeF(M). (2)
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Hypothesis: If not otherwise stated, we assume the n-dimensional
manifold M endowed with both a symmetric linear connection V (i.e. V is
torsion-free) and with a globally defined nowhere zero vector field ¢, which
is parallel with respect to V, that is

Ve =0. (3)

The symmetric linear connection V on M defines a semi-Riemannian
metric on the total space of T*M, as it was constructed by Sekizawa in
[15] by:

g(X YY) =—aw(Vx Y+ Vy, )+ bw(Xs)w(Yy);
g(Xe ") = any (Xy); (4)
g(a", ") =0,

for all vector fields X, Y and all differential 1-forms a, B on M, where, a, b
are arbitrary constants and we may assume a > 0 without loss of
generality. In the particular case, when a = 1 and b = 0, we obtain the
notion of the classical Riemann extension defined by Patterson and
Walker, see [14,16].
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Definition

The semi-Riemannian metric given in (4) is called natural Riemann
extension, [11,15]. When b # 0 we call it proper natural Riemann
extension.

Let (x, w) be an arbitrary fixed point in T*M, with w # 0. We denote
a1 = w and we take a basis {a1, ..., a,} in T, M then we consider

{e1, ..., ey} its dual by basis in T,M. As in [11], we denote by the same
letter the parallel extension of each e; (along geodesics starting at x) to
normal neighbourhood of x in M, i =1, n. It follows that {e;,...,e,} is a
local frame on M which is defined around x and satisfies the condition

(Vee)s =0, i,j=1,n, (5)

from which we obtain

g(x,w)(eicv ef) = bW(ef.X)W(ejvx)' Lj=1n. (6)
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Next, we denote by the same letter {as, ..., a,} the local frame defined
around x, which is dual to the local frame {ey, ..., e,} which means

Dé,'(ej) = 5,’1', i,_j = ]., n. (7)

Obviously, a1 x = w. Different from the locally orthonormal basis
constructed in [11], we constructed in [1] the following orthonormal frame
{E,', E,'*}, | = ﬁ:

Ei=ef + LbaY;  Ep. = ef - Lbuy; ®)
E, = \/Z(e/f az>v Eve = \/ﬂ(eli_ax)’ k=2n
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We note that g(Ej, E;) = 1 and g(Ej., Ejx) = —1, j = 1,n. Hence g is of
natural signature (n, n).

We recall here that the gradient of a real function F : N — R on a (semi-)
Riemannian manifold (N, h) is given by

h(gradF, X) = dF (X), VX € x(N).

The following conventions and formulas will be used later on.

If T is a (1,1)-tensor field on a manifold N, then the contracted vector
field C(T) € x(T*M) is defined at any point (x,w) € T*M, by its value
on any vertical lift as follows:

CM X ey = (TX) ey = wl(TX)x), ¥X € x(M).
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For the Levi-Civita connection V of the Riemann extension g, we get the
formulas (see e.g., [11]):

(VxYDew) = (VxY)(w) + G ((VX)(VY) + (VY)(VX))((9)
+ Cu(Re( X)Y + R Y)X) (o) — %{Ww)xc
w(X)YE 42w (Y)Cpy (VX) + 2w (X) Gy (VY)
Fw(VxY 4+ Vy X)W} ow) + Ew(X)w (Y)W ),

(VxeBV i = (VxB)l) + 51w X)B +BXOW o),
(VYY) = =TV + 5V + (Y)W,
(VarB)ewy = 0. VX, Y ex(M), Va,peQl(M).

Here, ¢ denotes the fraction g. Further for a (1,1)-tensor field T and a
1-form « on M, iy(T) is a 1-form of M defined by

(ik(T))(X) =a(TX), VX € x(M).
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From [11], we have the following:

R (XEY)ZE = (R(X,Y)2)E,,) + 5{(W(VZY) (10)
+ow(Y)w(Z)XE = (w(VzX)
+ow(X)w(Z) Y —w(X, Y])Z Y,
+Cw (VxR)( Y)Z 4+ (VxR)(-, Z)Y
~(VyR)( X)Z = (VyR)(- Z)X
—[VX,R(-,2)Y]+[VY,R(-, Z)X]
—(VZ2)R(, X)Y+(VZ) (- Y)X
—(RC.X)Y)(VZ) + (R(. Y)X)(VZ)).s,

w(X) Cu (R, > —(VY)(V2)

(VZ)(VY)) (o) = w(Y) Cu(R(-, Z)X

VX)(v2) - (v ><vx>><xw>

_|_
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—ew(Z)Cu (R(X, )Y
—R(Y, )X =2[VX. VY])(n) — {W( yw(lY. Z])
—w(Y)w([X, Z]) = 2w([X, Y]) ( ) IW iew),

Riew) (X Y)Y = —(1(R(X, Y)))(, w) T3 “w([X, YD) (11)
—5{7( )Cw (VX) = 7(X)Cw (VY) } xm)

+C42{ry(y)w(x) = rX)w(Y)Wiew),
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Riw) (XS BIZE = =(g(R(.2)X)) ) + SIBD)XE + BOX)Z Y (e
+5{w(Vx2) = Zw(X)w(Z)}By,... (12)

+54B(Z) Cu (VX) +2B(X) Cu (VZ) } )

c2
~S{BOXOW(2) + %5<Z)W(X)}W<x,w>v

Rin (X< B = =7 (X0 + X by, (13)
R(x,w)(lxvvﬁ‘/)zc =0 (14)
R(X’W)((xv,ﬁV),)/v = 0, (15)

for all X,Y,Z € x(M) and one-forms «, B,y of M.
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For later use, we recall the following formula, obtained in [1]:

Theorem

Let M be a manifold endowed with a symmetric linear connection V,
which defines the natural Riemann extension g on T*M. Then, the
gradient (with respect to g) for any vertical lift Z¥ € F(T*M) of a vector
field Z € x(M) is given by:

e — é{zc +2C(VZ) - cZ'W}, (16)

where the contraction C is applied to the (1,1)-tensor field VZ on M,
defined by (VZ)(X) = VxZ, VX € x(M).
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Hypersurfaces of the Total Space of the Cotangent Bundle

In this section we assume that a manifold M is endowed with a symmetric
linear connection V, which induces on the total space of the cotangent
bundle T*M of M the natural Riemann extension g. We assume g is

proper (i.e. b # 0).
The evaluation map f : T*M — R is defined by

F=2", (17)

or equivalently by f(x, w) = wy (&, ), for any (x,w) € T*M.
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Let
Hy = F1(t) = {(x,w) € T*"M/f(x,w) = t},

be the hypersurfaces level set in T*M, endowed with the restriction
8t = &/ H, of the natural Riemann extension g inherited from T*M, where
t € R—{0}.

For any t € R — {0}, one has:
(i) H: C T*M — {0} (i.e. T*M without the zero section);
(i) gradf is non-zero (hence orthogonal to H;), at any point of H;.
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Theorem

Let (M, V) be a manifold endowed with a symmetric linear connection
inducing the proper natural Riemann extension g on T*M. If

t € R — {0}, then:

(i) gt is non-degenerate on H;, hence (H, g:) is a semi-Riemannian
hypersurface of T*M;

(i) The tangent space Ty, H; at any point (x, w) € Hy is generated by
aV + X€, where

a € QM) X € x(M) and a(¢) + w([X,¢]) = 0; (18)
(iii) At any point (x, w) of H;, a vector field normal to H; is given by
- 1
gradf = g{gc — ctW}, (19)

(iv) The system {zxg, o O ef, eﬁ} defined above is a basis of vectors
tangent to Hy, at any point (x, w) of H;.
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Proof.

Since f is defined above by (17), we use (16) from above theorem, and we
take into account that ¢ is parallel with respect to V. Therefore we obtain
(i), since at any point (x, w) of H; we have f(x, w) = t. From the
definition of the natural Riemann extension, we compute

g(gradf, gradf) = —b[@]a which shows that at any point

(x, w) € Hy, we have ||gradf||? = —b(%)? # 0 and hence, gradf is
time-like or space-like according as b > 0 or b < 0, respectively.
Consequently, (i) is proved. Next, we note that T*M is generated by the
vertical lifts & of 1-forms &« on M, together with the complete lifts X¢ of
vector fields X on M. Ol

v
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Proof.

It follows that the tangent space T, ,)H: of H; at any point

(x,w) € T*M, is generated by the vector fields of the form a* 4 X¢
which are orthogonal to gradf with respect to g, i.e. they should satisfy
the condition

a(&) o p(x, w) +wy([X,E]x) =0, for any (x,w) € H,

which is equivalent to (ii). To prove (iv), we first note from (5) that the
bracket of any two vector fields from {ef, ..., €5} vanishes at (x, w), since
V is torsion-free. Then, each vector ef, ..., ef satisfies (18). Also, each
vector field from {a¥, ..., a, ef, ..., 5} satisfies (18) at the point (x, w).
Therefore, (iv) follows, since {a¥, ..., a};, ef, ..., e5} is a linearly
independent system of (n— 1) vectors tangent to H; in (x, w) and

complete the proof. OJ
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The vector field { is not Killing on the whole manifold (T*M, g), as
Lz (Ey, E1) is not everywhere zero. However, if we use the relations (3),
(4) and (9) to compute Lz<g on the frame of above theorem (iv), we
obtain the following:

For any t € R — {0}, the vector field {° restricted to H; is Killing.
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Now, we note that at any point of H;, the vector fields t\/lmgﬂ Ex, Es,

k = 2, n are tangent to H;, (as they are all orthogonal to gradf with
respect to g). In the above construction (7), we stress that we have the
freedom to take ay, ..., &, anyway, under the only condition that together
with a1 the system {a3,az, ..., «,} should be linearly independent and
hence constitute a basis. Since on H;, we have a1 (&) = w(g) =t # 0, we
may assume that %C is dual to a1 (and hence ¢ is collinear with e;), which
means in the above construction ay, ..., a, are taken such that a (&) = 0.
It follows that {e; = %C €, ..., €p} is the dual basis of a1 = w, ay, ..., ;.
One can check that restricted to H;, the local system

{t 1|b|€C. Ex, Ex«/k = 2,n} is orthogonal and from (4), this local system

is orthonormal on H;. With this construction, we have proved the
following:
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Proposition

For any t € R — {0}, it follows that {t\/lmtfc, Ex, Exs/k =2,n}, is a

local orthonormal frame of the hypersurface H;.

Let Ric denote the Ricci tensor field of the natural Riemann extension g
on T*M, and let S denote the Ricci tensor field of g; (the restriction of g
to H;). Then, we have the following:
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At any point (x, w) € H;, the Ricci tensor field Ric on T*M is related by
the Ricci tensor field S on H;, by:

RIc(AB) = S(AB) = 5B (RE A)B.E) + L 2(R(W,A)B,E°)

+t_cbg(R(g A)B, W)—% (R(W,A)B, W) (20)

for any A, B tangent to H; in (x, w).

Bejan, Eken Meri¢, Kilic ("Gheorghe Asachi'Einstein Hypersurfaces of the Cotangent Bun¢



Proof

At any point (x, w) € H; the orthonormal system
1 c A .
{t\/mg . Ex, Ex« / k =2,n} is tangent to H, while the vector

\;i
(N N) = ‘b|t2g(gradf gradf) =
Y

T*M. Hence, at any point (x, W) € H;, under the above notations we
have:

gradf is normal to H;. Moreover, from (19) and (4) one has

|b| Therefore,

C¢, Ex, Exs, N / k =2,n} is an orthonormal basis at (x, w) of

Ric(A,B) = S(A B)— |b|g(R>(N,A)B, N) (21)
2
= S(A B)— %g(l_?(gradf A)B, gradf).
By using (19), we obtain (20) and we complete the proof. O
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Theorem

Let M" be a manifold with a symmetric linear connection V whose Ricci
tensor is skew-symmetric and let g be the proper natural Riemann
extension on T*M. For any t € R — {0}, the hypersurface H; endowed
with the metric g;, (inherited from g) is Einstein if and only if

7b = 8a. (22)

v
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Proof

From Theorem 7 (iv), we need to compute Ric and S for any pair of
vectors A, B at (x, W) € H;, where A, B are arbitrary taken from the basis
{a¥,...,af, ef,...,e5}. We use (10), (11), (12), (13), (14) and (15), in the
following instances:

Casel: A=¢;, B=¢, k,j = 1, n. By a long calculation, we obtain

Ric(e,f,ejc) S(eg, -)—I— g(ek, ), k.j=1n.

From [11], we recall that

l4a+ (n—1)b

> v g(ek, ‘), k,j=1n.

Ric(eg, ef) =
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Case 2: A=ay, B= ejc, k=2,n,j=1,n. A long calculation yields

H v _ v c = v
RIC(th, ef) = S(Nk, ef) + Eg(ﬂck, ef).
From [11], we have

oy 1(n+1)b_, ,
RIC(“k, ef) = ETg(le, ef).

Case 3: A=ay, B=al, kj= 2. n. We obtain
Ric(ay, a}) = S(ag, af).
On the other side, one has:

Ric(ay, o)) = 0= g(ay, af).
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Hence, from the above three cases, we conclude

l4a+ (n—1)b— 2ac _ o
S(e,f,ejc)zi ( az) g(e,f,ejc), k,j=1,n,
, 2n+1)b_, , .
5(“k'ejc) = 432 g(“k' ejc)' k=2n, J=4n

S(ag,af) =0, k,j= 2n

Hence, the restriction of g to H; is Einstein if and only if (22) is satisfied,
which complete the proof. [

v
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Remark

(i) The family of Einstein hypersurfaces are obtained in the last Theorem
under necessary and sufficient condition (22), which depends only on the
coefficients a and b of the natural Riemann extension, but it is independent
on the parameter t € R — {0}. Hence, the condition (22) is the same for
the whole family and does not depend on the hypersurface chosen.

(ii) If M is a subspace, then any hypersurface H;, t € R — {0}, is a
three-dimensional Lorentzian manifold with equal Ricci eigenvalues. For
distinct Ricci eigenvalues, we cite [12].

(i) A deformed Riemann extension is a semi-Riemannian metric which
generalizes the natural Riemann extension, since in (4) the term

bw (X )w(Yy) is replaced by ®(Xx, Yy), for any x € M, where ® is an
arbitrary symmetric (0,2)-tensor field, (see [3]). A further study would
establish the conditions under which the last Theorem can be generalized if
we replace the natural Riemann extension with the deformed Riemann
extension.
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