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Abstract

For a given graph G, denote by A its adjacency matrix and F(t) = exp(iAt). We say that there
exists a perfect state transfer (PST) in G if |F(T)q| = 1, for some vertices a, b and a positive real number
7. Such a property is very important for the modeling of quantum spin networks with nearest-neighbor
couplings. We consider the existence of the perfect state transfer in integral circulant graphs (circulant
graphs with integer eigenvalues). Some results on this topic have already been obtained by Saxena,
Severini, Shparlinski [16], Basi¢, Petkovi¢ & Stevanovié [4], and Basi¢ & Petkovié [3]. In this paper, we
show that there exists an integral circulant graph with n vertices having a perfect state transfer if and
only if 4 | n. Several classes of integral circulant graphs have been found that have a perfect state transfer
for the values of n divisible by 4. Moreover we prove the non-existence of PST for several other classes
of integral circulant graphs whose order is divisible by 4. These classes cover the class of graphs where
the divisor set contains exactly two elements. The obtained results partially answer the main question of
which integral circulant graphs have a perfect state transfer.
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1 Introduction

Quantum spin networks with fixed nearest-neighbor couplings have important applications in quantum
information systems. The perfect transfer of quantum states from one qubit to another in such networks
was first considered in [6]. The network consists of n qubits where some pairs of qubits are coupled via
XY-interaction. There are two special qubits A and B representing the input and output qubit, respectively.
The transfer is implemented by setting the qubit A in a prescribed quantum state and by retrieving the state
from the output qubit B after some time. The transfer is called perfect state transfer (transfer with unit
fidelity) if the initial state of qubit A and the final state of qubit B are equal up to a local phase rotation.

Every quantum spin network with fixed nearest-neighbor couplings is uniquely described by an undirected
graph G on a vertex set V(G) = {1,2,...,n}. The edges of the graph G specify which qubits are coupled.
In other words, there is an edge between vertices ¢ and j if i-th and j-th qubit are coupled.

In [6] a simple XY coupling is considered such that the Hamiltonian of the system has the form

1
Hg = 3 Z oioj + O'?O’;J.
(1,5)eE(G)

and of, 07 and o are Pauli matrices acting on ¢-th qubit. The standard basis chosen for an individual qubit
is {|0),|1)} and it is assumed that all spins initially point down along the prescribed z axis. In other words,
the initial state of the network is |0) = [040...005). This is an eigenstate of Hamiltonian H¢ corresponding

*Corresponding author.



to zero energy. The Hilbert space Hq associated with a network is spanned by vectors |ejes. .. e,) where
e; € {0,1} and, therefore, its dimension is 2".

The process of transmitting a quantum state from A to B begins with the creation of the initial state
a|040...005)43|140...005) of the network. Since |0) is zero-energy eigenstate of H¢, the coefficient « will
not change in time. Since the operator of total z component of the spin o7, = > ;" ; 07 commutes with Hg,
state [140...005) must evolve into the superposition of the states i) = [0...01,0,...,0) fori=1,...,n.
Denote by Sg the subspace of H¢ spanned by vectors i), i = 1,...,n. Hence, the initial state of network
evolves in time ¢ into the state

alo) + > Bi(t)li) € Se.
i=1

Previous equation shows that system dynamics is completely determined by the evolution in n-dimensional
space Sg. Restriction of the Hamiltonian Hg to subspace Sg is n X n matrix identical to adjacency matrix
Ag of graph G.

Thus, the time evolution operator can be written in the form F'(t) = exp(iAgt). The matrix exponential

exp(M) is defined as usual
+oo 1 .
exp(M) =Y —M".

n!
n=0

A perfect state transfer (PST) between different vertices (qubits) a and b (1 < a,b < n) is obtained in time
7, if (a|F(t)|b) = |F(7)a| = 1. The graph (network) is periodic at a if |F(7)4q| = 1 for some 7. A graph is
periodic if it is periodic at each vertex a.

The existence of PST for some network topologies is already considered in the literature. For example,
Christandl, Datta, Dorlas, Ekert, Kay and Landahl [7] prove that PST occurs in the paths of length one
and two between its end-vertices and also in Cartesian powers of these graphs between vertices at maximal
distance. In the recent paper [10], Godsil constructed a class of distance-regular graphs of diameter three,
with PST. Some properties of quantum dynamics on circulant graphs were studied in [1]. Saxena, Severini
and Shparlinski [16] considered circulant graphs as the potential candidates for modeling quantum spin
networks having PST. They show that a circulant graph is periodic if and only if all eigenvalues of the graph
are integers (i.e. graph is integral). Since the periodicity is a necessary condition for PST existence [16],
circulant graphs having PST must be integral circulant graphs. A simple and general characterization of
the existence of PST in an integral circulant graph, in terms of its eigenvalues, is given by Basi¢, Petkovié¢
and Stevanovi¢ in [4]. Furthermore, it is shown that for odd number of vertices, there is no PST, and that
among the class of unitary Cayley graphs (subclass of integral circulant graphs), only Ky (complete graph
with two nodes) and Cy4 (cycle of length four) have PST. In the recent paper [3], the present authors proved
that an integral circulant graph with a square-free number of vertices does not have PST. Two classes of
integral circulant graphs having PST were also found.

The term ’integral circulant graph’ first appears in the work of So [17], where a nice characterization of
these graphs in terms of their symbol set is given. The upper bounds on the number of vertices and the
diameter of integral circulant graphs are given in [16]. Various other properties of unitary Cayley graphs
were recently investigated. For example, Berrizbeitia and Giudici [5] and Fuchs [8] established the lower
and upper bound on the size of the longest induced cycles. Klotz and Sander [12] determined the diameter,
clique number, chromatic number and eigenvalues of unitary Cayley graphs. Basi¢ and Ili¢ [2] calculated the
clique number of integral circulant graphs with exactly one and two divisors and also provided the inequality
for the general case.

This paper extends the results from papers [3, 4, 16]. First it is proven that there exists an integral
circulant graph with n vertices having PST if and only if 4 | n. Several classes of integral circulant graphs
having PST for different values of n are also found. It is proved that an integral circulant graph, where
the divisor set consists of only odd divisors, has no PST. Moreover, we prove the non-existence of PST for
several other classes of integral circulant graphs whose order is divisible by 4. These classes cover the class of
integral circulant graphs where the divisor set contains exactly two elements. These results partially answer
the main question of which integral circulant graphs have PST?



2 Integral circulant graphs

A circulant graph G(n;S) is a graph on vertices Z,, = {0,1,...,n — 1} such that each vertex i is adjacent to
vertices i+ s for all s € S. A set S C Z,, is called the symbol of graph G(n;S) and +,, denotes addition over
modulo n. As we will consider undirected graphs without loops, we assume that S =n—S ={n—s|s e S}
and 0 € S. Note that the degree of graph G(n; S) is #S. A graph is integral if all its eigenvalues are integers.
Wasin So has characterized integral circulant graphs [17] by the following theorem:

Theorem 1 [17] A circulant graph G(n;S) is integral if and only if

S=J Gnla),
deD

for some set of divisors D C D,,. Here Gp,(d) ={k : ged(k,n) =d, 1 <k <n—1}, and D, is the set of

all divisors of n, different from n.

Therefore an integral circulant graph (ICG) G(n;S) is defined by its order n and the set of divisors
D. Such graphs are also known as ged-graphs (see for example [12]). An integral circulant graph with n
vertices, defined by the set of divisors D C D,, will be denoted by ICG,,(D). From Theorem 1 we have that
the degree of an integral circulant graph is degICG,(D) = > ,cp @(n/d). Here ¢(n) denotes the Euler-phi
function [11].

The eigenvalues and eigenvectors of ICG,,(D) are given in [16] as

=D owl, v= L) e el (1)

where wy, = exp(i27/n) is the n-th root of unity. Denote by ¢(n,j) the following expression

©(n) . n
ony)’ ™ gedln )’ @)

c(g,n) = p(tn,;)

where 1 is the Mébius function. The expression ¢(j, n) is known as the Ramanujan function [11]. Eigenvalues
Aj can be expressed in terms of the Ramanujan function as follows ([12], Theorem 16)

A= cli,n/d). 3)

deD

Let us observe the following properties of the Ramanujan function. These basic properties will be used in
the rest of the paper.

Proposition 2 For any positive integers n,j and d such that d | n, holds

c(0,n) = o(n), (4)
c(l,n) = u(n), (5)
u(n), ne2N+1
c(2,n) = p(n/2), nedN+2 (6)
2u(n/2), n € 4N
p(n/d), de2N
c(n/2nfd) = { —gp(n?di, de2N+1 @

Proof. Directly using relation (2). O

The integral circulant graph ICG, (D) is connected if and only if ged(n,dy,...,d;) = 1 where D =
{dy,...,dr}. In the rest of the paper we will only consider connected integral circulant graphs.



3 Perfect state transfer

Let G be an undirected graph and denote by Ag its adjacency matrix. Let F(t) = exp(iAgt). There is a
perfect state transfer (PST) in graph G [6, 10, 16] if there are distinct vertices a and b and a positive real
number ¢ such that |F(t)q] = 1.

Let g, A, ..., A\y—1 be eigenvalues (not necessary distinct) of matrix Ag and ug,uq,...,un—1 be corre-
sponding normalized eigenvectors. We use spectral decomposition of the real symmetric matrix Ag (see for
example [9] (Theorem 5.5.1) for more details). The matrix function F'(¢) can be represented as

7
L

F(t) =) exp(i\gt)upug. (8)
0

B
Il

Now let G = ICG, (D) be an integral circulant graph. By simple calculation and using (1), it holds that
|lvg]] = v/n and hence uy = v /y/n. Expression (8) now becomes

n—1

1 . N
F(t)= - Z exp(iAgt) v vy
k=0

Specially, from the last expression and (1) it directly follows

n—1

1 . a
F(t)a = - Z exp(irpt)wh @b,
k=0

This expression is given in [16] (Proposition 1). Finally, our goal is to check whether there exist distinct
integers a,b € Z,, and a positive real number ¢ such that |F(t).| = 1, i.e.

n—1
% Z exp(idpt)wk@0) | = 1. 9)
k=0

Since the left-hand side of (9) depends on a and b only as the function of @ — b we can, without loss of
generality, assume that b = 0. Therefore, in the rest of the paper we consider the existence of PST only
between vertices a and 0.

We restate some results proved in [4]. These results establish necessary and sufficient conditions for (9).

Theorem 3 [4] There exists a PST in graph ICG,(D) between vertices a and 0 if and only if there are
integers p and q such that ged(p,q) = 1 and

a
Qi)+ ez (10)

forallj=0,...,n—2.

Theorem 4 [4] There is no PST in ICG, (D) if n/d is odd for every d € D. For n being even, if there
exists a PST in ICG, (D) between vertices a and 0, then a = n/2.

According to Theorem 4, PST may exists in ICG,,(D) only between vertices n/2 and 0 (i.e., between b
and n/2 + b as mentioned in [16]). Hence we will avoid referring to the input and output vertex and will
just say that there exists a PST in ICG, (D).

The next corollary is derived from Theorem 3 and is further used as the criterion for the nonexistence
of PST.

Corollary 5 [4] If \j = A\j1 for some j =0,...,n — 2 then there is no PST in ICG,(D).

For a given prime number p and integer n € Ny, denote by S,(n) the maximal number « such that p® | n
if n € N, and S,(0) = +oo for an arbitrary prime number p. The following result is proven in [4] and is
further used as the criterion for the existence of PST.



Lemma 6 [4] There exists PST in ICG, (D), if and only if there exists a number m € Ng such that the
following holds for all j =0,1,... ,n—2

Sa(Ajr1 = Aj) = m. (11)
The following corollary follows directly from Lemma 6.
Corollary 7 Let ICG,, (D) have PST. One of the following two statements must hold
1. X\j =X\ (mod 2) for every 0 < j <n—1 (ie., all eigenvalues \; have the same parity).
2. Nj =11+ 1 (mod 2) for every 0 < j <n—1 (i.e., \j are alternatively odd and even).
We end this section with the following result concerning unitary Cayley graphs.
Theorem 8 [4] The only unitary Cayley graphs that have PST are Ko and Cy.

Therefore, in the rest of the paper we will suppose that a set D contains at least two divisors, i.e. |D| > 2.

4 Non-existence of PST in ICG, (D) when n € 4N + 2

In this section we prove that there are no integral circulant graphs ICG, (D) having PST whose order n
satisfies n € 4N 4 2 '. This is done in Theorem 13.

In the proof of Theorem 13 we distinguish two cases depending on whether n/2 € D or not. If n/2 ¢ D
we show that PST existence implies that all eigenvalues A\; must be even. According to Lemma 12, the set
of divisors D must be equal to D = D' U2D’ where D' C D is set of odd divisors from D. Using Lemma 11
we connect eigenvalues of graphs ICG,,(D) and ICG,, 5(D’) and provide the contradiction with Lemma 6.

The case n/2 € D is reduced to the previous case, by establishing connection between eigenvalues of
graphs ICG,, (D) and ICG,,(D\ {n/2}). Lemma 10 is auxiliary for Lemma 12, which is essential in the proof
of the Theorem 13. Lemma 9 is also used in the following sections.

Lemma 9 Let n > 2 and 0 < j < n — 1 be arbitrary integers such that 41 n and let n = 2%0p* pz" be
the prime factorization of n (0 < ag < 1). It holds that c(j,n) € 2N + 1 if and only if j = p(f‘l_l . -p(,:’“_lJ
for some integer J such that ged(J,n) € {1,2}.

Proof.

(=) Suppose that ¢(j,n) is an odd integer. Since c(j,n) = p(tn j)e(n)/e(tn;), it holds that u(t, ;) = %1,
i.e. t,; is square-free and p(n)/¢(t, ;) is an odd integer.
Suppose that for some p; it holds that p; { t, ;. Let n' = n/pj. Since t,; | n’ and ¢(t, ;) | @(n') we
obtain that
o pn) e)e()  air, p(n')
c(j,n) = = =pi (i — 1) :
(P(tmj) (P(tmj) ‘P(tn,j)
The last equation implies that ¢(j,n) is even since p; — 1 is even. This is a contradiction and we can conclude
that p; | t,; for every i =1,2,... k.
If n € 2N + 1 it must hold that ¢, ; = p1---pg since ¢, ; is square-free. If n € 4N + 2, we have two
possibilities for ¢, ;, t,; = p1 -+ pg or t,j = 2p1 - - - p; depending on the parity of j.

Furthermore, using n = ged(n, §)t, ; we obtain that ged(n, 7) = p{* ! -- -pz’“fl (tn,; and n have the same

a;—1 ap—1

parity) or ged(n, j) = 2p] ~-pp""" (otherwise). Now the condition of the lemma follows straightforward.

(«:) Since ged(n,j) = p‘f‘lfl . -pg’“fl ged(J,n), it holds that t, ; = p1---pk or t,; = 2p1---pi. In both
cases it holds that ¢(t, ;) = (p1 —1)--- (pr — 1). Now since

al—l. ap—1

.)=ummm1 P

c(gsn) = pltn.)
we conclude that ¢(j,n) € 2N 4 1. O

Denote by d,q, the maximal divisor in the divisor set D.

!By aN + b we denote a set of all numbers n € N such that n = b (mod a).



Lemma 10 Let n be an arbitrary integer such that 4 1 n. Suppose that one of the following conditions is
satisfied

(1) dimaz is odd,
(2) dimaz is even and dpay/2 ¢ D.

Then there exists an odd number 0 < j <n — 1 such that ¢(n/dmaz,j) is odd and c(n/d,j) is even for any
d € D\ {dmaz}. Furthermore, the eigenvalue \; of ICG, (D) is odd.

Proof. Consider the prime factorization of n in the form n = 2%0p{* ... pi* where 0 < e < 1. Since

dimaz 18 the divisor of n, it can be represented in the form d,,q. = 2ﬁ0p? Lo, pf’“ where 0 < §; < a; for any
i =1,...,k. Without loss of generality, we can suppose that there exists 1 < s < k such that 3; < «; for
i=1,...,sand f; =q; for i = s+ 1,..., k. Then we can write n/dyqz = 20‘0750]0'111_51 . -p?s_ﬁs.
Denote by
. —Bi—1 —Be—1_ s
It trivially holds that 0 < jo < mn — 1. Lemma 9 directly yields that c(jo,n/dmaz) is odd since n/dyar > 2.
Let d € D\{dmae} be an arbitrary divisor with its prime factorization d = 270p]* - - - p)*¥  where 0 < 7 < 1

We will show that there exists 1 < ¢ < k such that 0 < v; < §; < «;. Suppose that this is not valid.
If the condition (1) is satisfied then dpq, | d, which is a contradiction. Similarly, if the condition (2) is
satisfied, then it holds that dq. | 2d, which implies d = dyq,/2, providing a contradiction with the second
part of the condition (2).

Suppose that a; —3; > 1. Then i < s and Sy, (n/d) = a;—~; > 2. Since Sy, (jo) = ;i —Fi—1 > a; —v;—1,
from Lemma 9 we can conclude that ¢(jo,n/d) is even.

Now suppose that a; = §;. Then i > s and Sy, (n/d) = o;—~; > 1. Again since Sy, (jo) = o > o —y;—1,
Lemma 9 yields that c(jo,n/d) is even.

The last statement of the lemma now holds trivially since
)‘jo = c(jo, n/dmaz) + Z c(jo,n/d).
deD\{dmaxz}

O

In the rest of the section, if not stated otherwise, we consider an integral circulant graph ICG,, (D) with
order n € 4N + 2.

Lemma 11 Ifd € D is an even divisor such that d/2 € D and 0 < j < n —1 is an arbitrary integer, then
c(j,n/d) = —c(j,2n/d) for j € 2N+ 1 and c(j,n/d) = ¢(j,2n/d) for j € 2N.

Proof. Suppose that j € 2N + 1. Then ged(2n/d, j) = ged(n/d, j) holds and

2n n
M Jeed(2n/d,j) ~ Cdged(n/d,j)

Furthermore, it holds that ¢(ta,/4;) = ¢(tn/q;) and ¢(2n/d) = ¢(n/d), since t,/4; is odd and d is even.
Also we have that ty, /4 ; is square-free if and only if ¢, /4 ; is square-free, and i(t3,,/q,) = —1(tn/q,5)- Now
we can directly conclude that

©(2n/d) p(n/d)

gy~ trad) g = —elin/d).

c(j,2n/d) = p(tan 4 ;) ©(tn/a;)
n/a,j

Now suppose that j € 2N. We have ged(2n/d, j) = 2gcd(n/d, j) and also ta,, /4 = t,/q;- This directly
yields that ¢(j,2n/d) = c(j,n/d). O

Lemma 12 All eigenvalues \; are even if and only if for every odd d € D it holds that 2d € D and for
every even d € D it holds that d/2 € D.



Proof.

(«<:) Let 7 € 2N 4+ 1. According to Lemma 11 we have ¢(j,n/d) = —c(j,2n/d) for any even d € D and
therefore A; = 0. For j € 2N, since ¢(j,n/d) = c(j,2n/d) (Lemma 11) for every even d € D, it follows that
Aj =22 dgepron ¢(d,n/d) € 2N.

(=:) Suppose that the statement of the lemma is not valid. Denote by D" the set of all divisors d € D such
that 2d € D for d odd and d/2 € D for d even. Let D’ = D\ D”. By the assumption, D’ is a non-empty
set. According to Lemma 11 it holds that ¢(j,n/d) + ¢(j,2n/d) € 2N for every d € D”. Consider now the
integral circulant graph ICG,(D’) and denote d,, ., = max D’. Set D’ satisfies the conditions of Lemma 10.
This implies that there is an odd index jy such that ¢(jo,n/d,,,,) is odd and c(jo,n/d) is even for every
d e D'\ {d],4}- Now we have

No = cGosn/das) + Y cljo,n/d) + Y c(jo,n/d) € 2N+ 1,
dED\{d}os} deD”

since both sums in the last expression are even. This is a contradiction. O

Note that the second condition in Lemma 12 is equivalent to D = D’ U 2D’, where D' = D N 2N + 1.
Now we are ready to prove the following main result of this section.

Theorem 13 There is no PST in ICG, (D) for an arbitrary set of divisors D, if n € 4N + 2.

Proof. Denote by D; the set of all divisors d € D such that n/d is a square-free integer. Also denote
by De = D1 N 2N and D, = D1 N 2N + 1. It holds that Ay = >, p u(n/d). Since Ay = ;- p p(n/d) +
> daep, #(n/(2d)), we have that Ao — A1 = > ,cp (1(n/(2d)) — pu(n/d)). Since both n/d and n/(2d) are
square-free, we have that 2 | Ay — A; or, equivalently, Sa(A2 — A1) > 1. We will distinguish the following two
cases.

Case 1. n/2 ¢ D. Then )y € 2N, according to the Proposition 2.

Suppose that |Di| is odd. Then )\ is also odd and S3(A; — Ag) = 0. According to Lemma 6 there is no
PST in ICG, (D).

Now suppose that |D;| is even, which implies that A; is even. Suppose that ICG, (D) has a PST.
According to Corollary 7, all eigenvalues A\j, 0 < 7 < n — 1 are even. But now Lemma 12 implies that
D = D'u2D’, where D' = DN 2N + 1. Consider now a new integral circulant graph ICGy, (D’) where
ny = n/2. Denote its eigenvalues by )\; for j = 0,...,n1 — 1. Since ny/d is odd for every d € D', we
can conclude that ¢(2j,n1/d) = ¢(j,n1/d) for every 0 < j < n; — 1. It also holds from Lemma 11 that
¢(24,m/d) = ¢(2j4,n/(2d)) for any d € D’. All these considerations yield to

Aoj =D e(2i,n/d) =2 c(2j,n/(2d))

deD deD’
=2 c(2fm/d) =2 c(jni/d) =2\
deD’ deD’

Since n1/2 ¢ D’ it holds that A, € 2N which implies S2(Ag) > 2. On the other side, according to Lemma 10
there exists jo such that A} is odd. Then Sa(Agj,) = 1.

If 0 <j <n-—1isodd, according to Lemma 11 we have ¢(j,n/(2d)) = —c(j,n/d) for any odd d € D,
which implies A; = 0.

Now it holds that So(A — Ag) > 2 and Sa(Agj, — A2jo—1) = 1, which is in contradiction with Lemma 6.

Case 2. n/2 € D. Now )\p € 2N + 1.

Suppose that |Dq| is even. Then A; is also even and S2(A\; — \g) = 0. Since S2(Ay — A1) > 1, according
to Lemma 6 there is no PST in ICG, (D).

Suppose that |Dq] is odd, which implies that A; is also odd. Suppose that there is a PST in ICG, (D).
According to Corollary 7, all eigenvalues Aj, for 0 < j <n —1 are odd. Let D’ = D\ {n/2}. Denote by /\;
eigenvalues of integral circulant graph ICG,,(D’). Since

2 2 2tj . {—1, 21j
foi= — o (,2) = - 12
21 = 4ed(2,)) {1, 2|y U2 1L 2] (12)

7



it holds that

\ {/\;+1, 2|7
j = ..
Np—1, 247

The graph ICG,,(D’) has all even eigenvalues and n/2 ¢ D’. Lemma 12 yields that D’ = D} N 2D} where
D’ = D'N2N+1. Analogously to Case 1, we can prove that there exists an odd jo such that Sp(\] —Xj) > 2
and SQ()\IQjO - )‘/2j071) = 1. This implies SQ()\l - )\0) = SQ()\/I - /\6 + 2) = 1 and SQ()\QJ'O - /\2]'071) =

S2(Xyj, — Agjo—1 +2) > 2, which is in contradiction with Lemma 6. O

5 Classes of ICG graphs having PST for 4 | n

In this section we introduce several classes of integral circulant graphs having a PST. Moreover, we prove
that for every n divisible by 4, there exists at least one graph ICG,, (D) which has a PST.
By direct computation we show that

A 4, 245 0, 21j
lj=—FFr— = 2, 52(.7) =1, C(j,4) = -2, ‘92(.7) =1. (13)
ng(47]) 1, 4|j 2, 4|j

The last equation will be referred to several times in this section.

5.1 Case 8|n

First we deal with the case So(n) > 3 and find three classes of integral circulant graphs having PST. The
following lemma will be referred to several times in this subsection.

Lemma 14 Let m € 8N+4 and m > 4. There exist two integers ji, jo € 4N+2 such that 0 < ji1,70 <m—1
and it holds ¢(j1, m) € 4N and c(ja2,m) € 4N + 2.

Proof. Denote m = 4m, where m; is an odd integer. Let j € 4N + 2. Then

b= 4m1 . 2m1 —¢
" ged(f,Amy)  ged(§/2,2my) I/

Since p(m) = 2¢(2m, ), using the previous equation we find that

2()0(27711)
o(tam,,j/2)

SO(WL)) = M(t2m17j/2)

St =2¢(j/2,2myq). (14)

c(g,m) = p(tm.;)

Denote by p an arbitrary odd prime divisor of m; (since m; > 1 there exists at least one) and a = Sp,(my).
Let j1 = 2p®. Now ¢(j1/2,2m,) is even according to Lemma 9 and using (14) we obtain ¢(ji, m) € 4N.

Let jo be an arbitrary integer such that 0 < jo < m — 1, jo € 4N + 2 and ged(j2,m1) = 1. Then
¢(j2/2,2m1) is odd according to Lemma 9. Furthermore using (14) we obtain ¢(j2,m) € 4N + 2. O

In the following two theorems we prove that graphs ICG,,({1,n/4}) and ICG,,({1,n/2}) have PST for
every n divisible by 8. If n is divisible by 16, we prove that ICG,,({1,2,n/2}) also has a PST. Moreover, the

condition 8 | n for the first two classes and 16 | n for the third class is necessary and sufficient for existence
of PST.

Theorem 15 Integral circulant graph 1ICG,({1,n/4}) has PST if and only if Sa(n) > 3.

Proof.
(«=:) The eigenvalues of ICG,,({1,n/4}) are given by A\; = c¢(j,n) + ¢(4,4).

Suppose that j € 2N + 1. From (13) we have c(j,4) = 0. Moreover as 8 | t,, ; we also have pu(t, ;) =
c(j,n) = 0 and thus A\; = 0.



Now suppose that j € 4N + 2. Similarly we conclude that c(j,4) = —2 for relation (13) and, as 4 | t,,;,
that p(tn, ;) = c¢(j,n) = 0. Thus, in this case, there holds that A\; = —2 for all 0 < j <n—1 and S(j) = 1.

Finally let j € 4N. From (13) we have ¢(j,4) = 2. Denote a = Sa(n) and v = S3(j). According to the
assumptions we have o > 3 and v > 2. By direct computation we find

. 0, a<
Saltn) = Sa() ~ Satwedtion) = { % 25T

The last equation implies that term ¢(n)/p(t, ;) is divisible by 2™} and therefore 4 | c(j,n) for
J € 4N. Since ¢(j,4) = 2 we obtain \; € 4N + 2.

According to the discussion above it holds that

oo, jEINF1

Using Lemma 6 we obtain that there is PST in ICG,,({1,n/4}) since Sa(Ajy1—A;) =1for0 < j <n—1.

(=:) We need to prove that there is no PST in graph ICG,,({1,n/4}) if S2(n) < 2. The case Sa(n) = 1 was
already considered in the previous section. The case n = 4 was already considered in [4] since it is a unitary
Cayley graph. Therefore we suppose that So(n) =2 and n > 4.

For j € 2N + 1 we have, as in the previous theorem, that 4 | ¢, ;, ¢(j,n) = 0 and thus A; = 0.

According to Lemma 14 there exist integers j; and jo such that c¢(ji,n) € 4N 4+ 2 and ¢(j2,n) € 4N.
Therefore A\;, € 4N and A;, € 4N + 2. Since A\j,—1 = Aj,—1 = 0 (j1 — 1 and jo — 1 are odd), it holds that
S2(Aj, —Aj—1) =1 and Sa(Aj, — Aj,—1) > 2, and according to Lemma 6 we conclude that there is no PST
in ICG,({1,n/4}).

(I

Theorem 16 The integral circulant graph ICG,,({1,n/2}) has a PST if and only if Sa(n) > 3.

Proof.

(«<:) The eigenvalues of ICG,({1,n/2}) are given by \; = ¢(j,n) + c(j,2). Let a = Sa(n). We prove that
4| ¢(j,n) by distinguishing two cases.

Case 1. S3(j) > o — 1. Write n = 2%m and t,; = 28m’ where m,m’ € 2N + 1. Since Sa(tn;) =
Sa(n) — Sa(ged(j,n)) it holds that § < 1. Furthermore, we have

p(2%)p(m)

N , _ Noa—1 P(m)
c(j,n) = N(tn,j>W = pu(tn,;)2°7"

p(m')
Since av > 3, the last equation implies 4 | ¢(j,n).

Case 2. S3(j) < a—1. Now 4 | t,, ;. Since t,, ; is not a square free integer, it holds that u(t, ;) = c(j,n) =0
and obviously 4 | ¢(j, n).

Now from 4 | ¢(j,n) and (12) we can conclude that A\; € 4N £+ 1 and Sa(Aj41 — Aj) = 1. According to
Lemma 6 there is a PST in ICG,({1,n/2}).

(=:) We need to prove that there is no PST in graph ICG,,({1,n/2}) if S2(n) < 2. The case Sa(n) = 1 was
already considered in the previous section. For n = 4 we directly check that ICG4({1,2}) does not have
PST. Hence we suppose that Se(n) =2 and n > 4.

For j € 2N + 1 it holds that ¢(j,n) = 0 and thus A; = —1 since ¢(j,2) = —1.

According to Lemma 14 there exist j; and js such that ¢(j1,n) € 4N + 2 and c¢(j2,n) € 4N. Since
c(j1,2) = c(j2,2) = 1 it holds that A\;; € 4N+ 1 and Aj, € 4N + 3. Moreover, since j; — 1,52 —1 € 2N +1
we have \j, 1 = A\j,—1 = —1, which further implies Sa(Aj, — Aj,—1) = 1 and Sa(\j, — Aj,—1) > 2. According
to Lemma 6 we conclude that there is no PST in ICG,,({1,n/2}). O



Theorem 17 The integral circulant graph 1CG,,({1,2,n/2}) has a PST if and only if Sa2(n) > 4.

Proof.
(«<=:) The eigenvalues of ICG,({1,2,n/2}) are given by

Aj = c(g,n) +c(4,n/2) + c(4,2).

Denote a = Sa(n). We will distinguish the following three cases.

Case 1. S3(j) > a—1. Now t, /2,; is odd and similarly to the proof of the previous theorem, we can
conclude that 2271 | ¢(j,n/2). Since Sa(t, ;) = 2 it holds that 2271 | ¢(j, n).

Case 2. S5(j) = a— 2. Since Sy(ty, /o ;) = 1 there holds 2°72 | ¢(j,n/2). Moreover since 4 | ¢, ; we can
conclude that ¢(j,n) = 0.

Case 3. 53(j) < a — 2. Now both ¢, ; and t,,/5 ; are divisible by 4 and hence c(j,n/2) = c(j,n).

We have seen that in all three cases 2972 | ¢(j,n)+c(j,n/2). Since o > 4 it holds that 4 | ¢(j, n)+c(j, n/2)
and A\; € 4N £ 1. This further implies A1 — A; € 4N 4 2 for every j = 0,1,...,n — 2. The existence of
PST in ICG,,({1,2,n/2}) now follows directly from Lemma 6.

(=:) Case Sa(n) = 1 was already considered in the previous section. For n = 4 we have that ICG4({1,2})
does not have a PST. Hence we have to deal with the following two remaining cases.

Case 1. S3(n) =2 and n > 4. Suppose that ICG,,({1,2,n/2}) has a PST. Since n/2 is one of the divisors,
Ao is odd. According to Corollary 7, all eigenvalues with odd indices must have the same parity.
Let j € 2N+ 1. Then ¢(j,2) = —1 and from 4 | ¢, ; we obtain that c(j,n) = 0. Since t,2; = t,/2; it

holds that
p(n/2) ¢(n) 1

m 20(tn,25) - 56(2‘7’ n). (15)

Since S2(n) = 2, according to Lemma 14 there exist indices ji,jo € 4N 4 2 such that ¢(j1,n) € 4N and
c(j2,n) € 4N + 2. From (15) it hold that c(j1/2,n/2) € 2N and c(j2/2,n/2) € 2N+ 1. Now \; /o € 2N + 1
and Aj, /o € 2N, which is a contradiction since both j1/2 and ja/2 are odd.

c(j,n/2) = u(tn/2,;) = u(tn,2;)

Case 2. S3(n) = 3. For j € 2N + 1 we have c(j,2) = —1, 8 | t,, 5, 4 | t,/9j, which implies c(j,n) =
c(j,n/2) = 0. Thus \; = —1.

For j € 4N + 2, we have ¢(j,2) =1, 4 | t,,; and again c(j,n) = 0.

Since Sa(n/2) = 2, according to Lemma 14 there exist indices ji,j2 € 4N + 2 such that 0 < j1,72 <
n/2 —1, ¢(j1,n/2) € 4N and c(j2,n/2) € 4N + 2. This implies that \;; € 4N+ 1 and A;, € 4N — 1. Now
S2(Aj, —Aj—1) =1 and Sa(Aj, — Aj,—1) > 2. According to Lemma 6 there is no PST in ICG,({1,2,n/2}).
O

5.2 Case 81n

The following theorems introduce two classes of ICG graphs having a PST in the case Sa(n) = 2.
Theorem 18 Let n be a positive integer such that Sa(n) = 2. Then graph ICG,,({1,2,4,n/4}) has a PST.
Proof. From relation (3), the eigenvalues of ICG,,({1,2,4,n/4}) are given by

Aj = c(j,n) +c(j,n/2) + c(j,n/4) + c(j,4). (16)

Now consider other summands in (16). First let us notice that since n/4 is an odd integer, t, /4,; must also
be an odd integer. We distinguish two different cases depending on j.

Case 1. 21 j. We prove that A\; = 0. Since ged(n, j) = ged(n/2, j) = ged(n/4, j) it holds that

n/2 n/4

t e 2 =2t ;.
M2 ged(nf2,7)  ged(n/d,g)
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In the same way we can prove t,; = 4t,/4 ;. Now c(j,n) = 0 since t,; is not a square-free integer.
Furthermore, p(n/2) = @(n/4) and @(t,/2;) = @(t,4;) since n/4 and t,,,; are odd integers. Also
tns2;) = —pltya;) (if t,,/4; is not square-free, then both sides of the equation are equal to 0). Tak-
ing all these into account we finally obtain
p(n/2) p(n/4)
( n 4,j)

c(n/2,j5) = M(tn/z,j)m = m = —c(n/4,7) (17)

Now by replacing the last equation in (16) and using (13) we finally obtain that A\; = 0.
Case 2. 2| j. There holds ged(n/2,j) = 2ged(n/4, j) which implies t,,/9 ; = t,,/4 ;. Also since p(n/2) =
©(n/4) there must hold ¢(j,n/2) = ¢(j,n/4). Now we will distinguish two more cases depending on Sa(j).

Case 2.1. S3(j) = 1. We will prove that A\; = —2. Since ged(n,j) = ged(n/2,j) it holds that
tnd' = 2tn/27] Since tn/2,j = tn/4,j is Odd, it holds that QO(th) = (,O(tn/Q,J) and M(tn,j) = *,U,(tn/Q,])
Furthermore using ¢(n) = 2p(n/2) we obtain that

p(n/2)
@(tn/Q,j)

p(n)
‘P(tn,j)

c(j,n) = p(tn,;) = —2u(tn/2,5) = —2¢(j,n/2). (18)
Now by replacing the last equation in (16), using (13) and ¢(j,n/2) = ¢(j,n/4) we finally obtain that
A= —2.

Case 2.2. S3(j) > 2. We will prove that S3()\;) = 1. Similarly to the previous cases, it holds that
ged(n,j) = 4ged(n/4,7), thj = tna; and c(j,n) = 2¢(j,n/4). Now from (16) and (13) we obtain
Aj = 4c(j,n/4) + 2, which implies that Sa(\;) = 1.

Summarizing all of the above considerations we have proved that

0, 2ty
Aj = -2, Sy(j)=1 . (19)

de(jn/4) +2, 41J
From the last equation it is obvious that So(Ajy1 — Aj) =1 for every j = 0,1,...,n — 2. The existence of
PST in ICG,({1,2,4,n/4}) now follows from Lemma 6. O

Theorem 19 Let n be a positive integer such that Sa(n) = 2. Then graph ICG,,({1,2,4,n/2}) has a PST.
Proof. From relation (3), the eigenvalues of ICG,,({1,2,4,n/2}) are given by

Aj = c(j,n) +c(j,n/2) + c(j,n/4) + c(4,2). (20)
The following relation for the eigenvalues A\; can be proved in the same way as in the previous theorem

Aj = L, S(j) =1, (21)
de(j,n/4)+1, 4]j

The last equation yields Sa(Ajy1 — Aj) = 1 for every j = 0,1,...,n — 2. The existence of PST in
ICG,({1,2,4,n/2}) now follows directly from Lemma 6. O

Note that condition S2(n) = 2 is not necessary for the existence of PST for both ICG,,({1,2,4,n/4})
and ICG,({1,2,4,n/2}). For n = 32 it can be directly checked whether both graphs have a PST since
SQ(/\j_H — )\j) =1 for every j = 0, 1, e ,31.
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6 Some classes of ICG, (D) having no PST for 4 | n

In this section we find several classes of integral circulant graphs ICG,,(D) having no PST when 4 | n. These
classes have a special structure of the set of divisors D. More precisely, we will deal with the set of divisors
D which has at most one even divisor. Hence we will assume until the end of the section that 4 | n.

Theorem 20 Let D contain only odd divisors. Then ICG (D) has no PST.

Proof. Suppose that graph ICG, (D) has a PST.

First let Sy(n) > 3. For each divisor d € D we have 8 | n/d and 4 | n/(2d). Hence u(n/d) = p(n/(2d)) =0
which implies ¢(1,n/d) = ¢(2,n/d) = 0 and A; = A2 = 0. This is in contradiction with Corollary 5.

Let Sa(n) = 2. We distinguish two cases.

Case 1. n/4 ¢ D. Let j € 2N+ 1. For each divisor d € D we have 4 | t,, /4 ;. Consequently, c(j,n/d) = 0
which implies A; = 0.
Now let j € 4N + 2 and denote n; = n/2. For an arbitrary d € D it holds that

; B n B 2n —
M7 A ged(n/d,j) — d-2ged(ni/d,j/2) "

Since 2 | ny/d we have ¢(n/d) = 2p(n1/d). This implies that ¢(j,n/d) = 2¢(j/2,n1/d) for every d € D.
Consider the graph ICG,,, (D) and denote its eigenvalues by /\;- for 0 < j < ny — 1. From the above
discussion we conclude \; = 2)\;. /2 for any 5 € 4N + 2. Since n; € 2N 4 1 and all divisors in D are odd,

according to Lemma 10 there exists jo € 4N + 2 such that )\;O /2 € 2N + 1. Consequently, \j, € 4N+ 2.
Since n/4 ¢ D or, equivalently, n;/2 ¢ D we have A € 2N. Using

= 3o ()= S (1) =2 o () =2 o () =4

deD

we conclude that A\g € 4N. Therefore Sa(Ag — A1) > 2 and Sa(Aj, — Aj,—1) = 1, which is in contradiction
with Lemma 6.

Case 2. n/4 € D. Let D' = D\{n/4}. Denote by A/ the eigenvalues of the graph ICG,,(D’). Thus we have
the following relation between the eigenvalues of these graphs:

Aj = A +¢(5,4).

For j € 2N + 1, according to Case 1 and relation (13) we have A\; = 0. For the same reason it holds
that Ao € 4N + 2 and there exists jo € 4N + 2 such that A\;, € 4N. Therefore Sa(A\g — A1) = 1 and
S2(Xj, — Ajo—1) > 2 which is in contradiction with Lemma 6. O

Theorem 21 Let Sy(n) =2 and D contains ezxactly one even divisor. Then ICG, (D) has no PST.

Proof. Suppose that graph ICG, (D) has a PST. We distinguish two cases.
Case 1. n/2 € D. Let D" = D\{n/2}. Denote by X’ the eigenvalues of the graph ICG,(D’). Then

Aj =N+ ¢(4,2).

Since n/2 € 4N + 2, it is the only even divisor in D. Thus all divisors in D’ are odd and we can proceed
similarly as in the proof of Theorem 20. Hence there exists jo € 4N + 2 such that A\j — A} #Z X — N,
(mod 4). Moreover, using (12) we have \g — A1 = Ay — X} + 2 and \j, — A;; = X)) — A} + 2. Thus

Ao — A1 # Aj, — Ajo—1 (mod 4), which is in contradiction with Lemma 6.

Case 2. n/2 ¢ D. Then Ay € 2N. Let d; be the only even divisor in D.
Let j € 4N + 2 and denote n; = n/2.

12



If dy € AN + 2 then

n 2nq ny

tn L= — = — = - =i, /9.
/3 = 4 Cged(n/dr,j)  da-2ged(nifd,g)  di-ged(m/di,jj2) | m/4ar

Moreover since ¢(n/d1) = ¢(ni1/di), by direct computation we find c(j,n/di) = c(j/2,n1/d1). Since
ny/d; € 2N 4+ 1, Lemma 9 yields that there exists jo € 4N + 2 such that ¢(jo,n/d1) € 2N + 1.

Similarly, if we suppose Sa(d1) = 2 then c(j,n/d1) = ¢(5/2,n1/(d1/2)). Again since n;/(d1/2) € 2N+ 1,
Lemma 9 yields that there exists jo € 4N + 2 such that ¢(jo,n/d;) € 2N + 1.

Furthermore, according to the proof of Theorem 20 we have ¢(j,n/d) = 2¢(j/2,n1/d) for j € AN+ 2 and
odd d € D. Thus, we finally obtain

Njo =2 Z c(jo/2,m1/d) + c(jo,n/d1) € 2N + 1.
deD\{d:}

Therefore, A\p € 2N and \j, € 2N + 1, which is in contradiction with Corollary 7. Il

Theorem 22 Let ICG,, (D) be an integral circulant graph such that So(n) > 3. Suppose that there exists an
even divisor dy € D relatively prime with all other divisors d € D\{dp}. Then ICG, (D) has a PST if and
only if D ={1,n/2} or D ={1,n/4}.
Proof.
(=) Suppose that ICG, (D) has a PST.

Let d € D\{dy}. First, note that d is odd since d and dj are relatively prime. Consequently, So(n/d) > 3
and pu(n/d) = p(n/(2d)) = 0.

According to Proposition 2 it holds that

pu(n/dy), n/dy € 2N+ 1

Av=p(n/do), A= w(n/(2do)), n/dy€ 4N+ 2 (22)
2u(n/(2d0)), n/do € 4N

We will distinguish two cases according to dy.

Case 1. Suppose that n/dy is a square-free integer. By (22) we obtain \y = u(n/dy) € 2N + 1 and
Ao = ¢(2,n/dy) € {u(n/do), (n/2dp)} C 2N + 1. Corollary 7 now yields that all eigenvalues are odd.

Moreover, since A\g is odd we have n/2 € D. Since n/2 is an even integer, we conclude dy = n/2. As
ged(n/2,d) =1 for all divisors d € D\ {n/2} it then holds that d is not divisible by any prime factor of n.
Hence, we have the only possible choice that d equals one and the set of divisors is D = {1,n/2}.

Case 2. Suppose that n/dy is not a square-free integer. If So(n/dp) > 3 then u(n/dy) = p(n/(2dy)) = 0
and A\; = A2 = 0 according to (22). This is in contradiction with Corollary 5. Also, if there exists an odd
prime p such that Sp(n/dy) > 2, the same conclusion holds.

Therefore, for any odd prime p | n/dp it must hold S,(n/dy) = 1 and Sa(n/dy) = 2 since n/dp is not
square-free. In other words,

n/dy =4pip2- - pi

where n = 2%0p{pi? ... pi* is the prime factorization of n and I < k (without loss of generality, we can
suppose that the first I prime factors of n divides n/dg). Furthermore, A\; = 0 and Ay = 2(—1)"*!, according
to (22) and the last conclusion. Now we distinguish two more cases.

Case 2.1. Suppose that [ > 1. Thus 4 | ¢(4)p(p1) | ¢(n/dp). Similarly, for each d € D\{dp} we have

@ (%) = (2"‘02%6[) — 900-1, (2:od) € 4N,

since ag = Sa(n) > 3. Now

X =g¢(n/d)+ Y ¢(n/d)€AN,
deD\{do}

wherefrom we obtain S3(A; — A\g) > 2 and S2(Ay — A1) = 1, which contradicts Lemma 6.
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Case 2.2. Suppose that [ = 0, i.e. dy = n/4. Since d = 1 is the only divisor of n, relatively prime
with n/4, it must hold that D = {1,n/4}.

(«<:) Directly from Theorem 15 and Theorem 16. O

Note that the graphs ICGso({1,3,6}) and ICG30({1,3,12}) have PST and the set of divisors contains
exactly one even divisor. But they do not satisfy the condition of Theorem 16, since 6 and 12 are not
relatively prime with 3.

Theorems 20, 21 and 22 yield to the following corollaries.

Corollary 23 The integral circulant graph ICG,, (D) where D contains an even divisor which is relatively
prime to all other divisors in D, has a PST if and only if So(n) >3 and D = {1,n/2}, D = {1,n/4}.

Corollary 24 The integral circulant graph ICG,, (D), where D has exactly two divisors, has a PST if and
only if Sa(n) > 3 and D = {1,n/2}, D = {1,n/4} .

7 Conclusion

We proved that for n € 4N + 2 there is no integral circulant graph ICG,, (D) having a PST. Since the same
result holds for n € 2N + 1 [4] we conclude that 4 | n is the necessary condition for the existence of PST in
ICG, (D). Moreover, we showed that, for n € 8N + 4 there are at least two and for n € 8N at least three
graphs having a PST.

The main result of this paper can be formulated as follows: For an arbitrary n € IV, there is an integral
circulant graph of order n having a PST if and only if 4 | n. On the other hand, we proved that ICG, (D)
does not have a PST if D contains only odd divisors.

Hence for every n divisible by 4 we can construct a quantum spin network with fixed nearest-neighbour
couplings, based on an integral circulant graph having a PST.

From these results, the following question naturally arises: For a fixed order m, how many integral
circulant graphs ICG,,(D) have a PST? Thus we made a computer program to answer the last question.
Our program checks the existence of PST for every integral circulant graph ICG,, (D). Note that there are
27(M=1 _ 1 different integral circulant graphs of order n, where 7(n) is the number of divisors of n. The
eigenvalues are computed using (3) and the existence of PST is checked using Lemma 6. The results are
shown in the following tables:

n 4181216 |20 |24 |28 32|36 |40 |44 | 48 | 52
# of ICG graphs with PST |1 |2 | 2 | 4 | 2 |10| 2 | 8 | 4 |10] 2 |44 | 2

n 56 | 60 | 64| 68 | 72| 76 | 80 | 84 | 88 | 92 | 96 | 100
# of ICG graphs with PST | 10 | 10 | 16 | 2 |44 | 2 |44 |10 | 10| 2 | 184 | 4

n 104 [ 108 [ 112 [ 116 [ 120 | 124 [ 128 | 132 | 136 | 140 | 144 | 148
# of ICG graphs with PST | 10 | 8 | 44 | 2 | 218 | 2 | 32 | 10 | 10 | 10 | 400 | 2

n 152 | 156 | 160 | 164 | 168 | 172 | 176 | 180 | 184 | 188 | 192 | 196 | 200
# of ICG graphs with PST | 10 | 10 | 184 | 2 | 218 | 2 44 | 44 | 10 2 |72 4 44

It is worth mentioning that the maximum value of the perfect quantum communication distance (i.e. the
distance between vertices where a perfect state transfer occurs) is equal to 2 for every 1 < n < 200. One
possible reason for such a low value of the perfect quantum communication distance is a small number of
distinct prime divisors of graph order n (at most 3).

An improvement of the perfect quantum communication distance is done in [6] by considering fixed
but different nearest-neighbor couplings. A similar approach used on circulant graphs (having a weighted
adjacency matrix) might also enlarge the perfect quantum communication distance. Many recent papers
propose an approach [10, 13, 14, 15].
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We can see from the tables that for some values of n (for example n = 96,120, 144, 160, 168,192, . ..)
there are a lot of graphs having a PST, while for some other values, there are only 2 such graphs. For
example, this is the case for n = 4p, where p is prime (see Appendix). Note that the number of graphs of
order n with a PST is greater, for the greater value of Sy(n). Hence it seems that the number of integral
circulant graphs of order n having a PST can be expressed as some nice function of the parameters like
Sa(n), 7(n), etc. We leave this question for further research.

A Appendix: Number of ICG graphs having PST for n = 4p

According to results from tables in Section 7, we can conclude that the following theorem is valid:

Theorem 25 Assume that n = 4p where p is prime. There are exactly two ICG graphs of order n having
PST. Those graphs are:

o ICGg({1,2}) and ICGg({1,4}) for p =2.
e ICG,({1,2,4,p}) and ICG,({1,2,4,2p}) for p > 3,

Proof.

According to Theorem 15 and Theorem 16 it holds that ICGg({1,2}) and ICGg({1,4}) have PST. Only
remaining connected ICG different than unitary Cayley graph is ICGg({1,2,4}). That graph is complete
and holds Ay = Ao = ... = A7y = —1. Nonexistence of PST follows from Corollary 5.

Assume that p > 3. We distinguish several cases depending on the number of elements in D. Notice
that D, = {1,2,4,p,2p}
Case 1. |D| = 2. Nonexistence of PST follows directly from Corollary 24.

Case 2. |D| = 3. Graphs ICG,,({1,2,p}), ICG,({1,4,p}) and ICG, ({1, p,2p}) have no PST, according to
Theorem 21. Also graph ICG,,({2,4, 2p} is not connected. We distinguish 6 more cases.

Case 2.1. ICG,({1,2,2p}) and ICG,({1,4,2p}). Since n/2 = 2p € D, it holds that \g € 2N + 1
for both graphs. Also holds A2 = 2u(2p) + u(p) + u(l) = 2. For the first graph we have A\; =
w(4p) + p(2p) + 1(2) = 0 while for the second graph we have \; = u(4p) + p(p) + u(2) = —2. In both
cases, it holds that S2(A1 — Ag) = 0 and S2(A2 — A1) > 1 which implies nonexistence of PST.

Case 2.2. ICG,({2,p,2p}) and ICG,,({4,p,2p}). Since n/2 = 2p € D, it holds that Ay € 2N + 1
for both graphs. Also holds Ay = pu(p) + 2u(2) + p(1) = —2. For the first graph we have \; =
1(2p) + p(4) + p(2) = 0 while for the second graph we have A\; = u(p) + p(4) + u(2) = —2. In both
cases, it holds that S2(A1 — Ag) = 0 and S3(A2 — A1) > 1 which implies nonexistence of PST.

Case 2.3. ICG,({1,2,4}). Since A\; = p(4p) + p(2p) + p(p) = 0 and Ag = 2u(2p) + p(p) + p(p) =0,
nonexistence of PST follows from Corollary 5.

Case 2.4. ICG,({2,4,p}). Since

oo 2 p=3 . _ P _[L p=3 __ 4y

237 oed(2p,3) L 20 p>3 7 PP ged(p,3) L p >3 7 YT ged(4,3)
we have

)€ — 9 p=3 IBECIED R
0(372]7) = { M( ) 90(5()2;7 P ) C(va) = H( @(ﬁ)(l) P 9 6(374—) = 07
w2p) ey =1, p>3 wp) o =-1 p>3
which implies A3 = ¢(3,2p) + ¢(3,p) +¢(3,4) = 0.
On the other side, it holds that
T gedp,4) T T ged(pd) T ged(d,4)
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which implies

= 7@(21’)) = C = —_— = — C = —_—
and \y = c(4,2p)+c(4,p)+c(4,4
5.

) = 0. Since A3 = \y = 0, nonexistence of PST follows from Corollary

Case 3. |D| = 4. We distinguish 3 more cases.

Case 3.1. Graphs ICG,,({1,2,4,p} and ICG,,({1,2,4,2p}) have PST, according to Theorem 18 and
Theorem 19.

Case 3.2. ICG,({1,2,p,2p} and ICG,,({1,4,p,2p}). Since n/2 = 2p € D, it holds that A\g € 2N + 1
for both graphs. Also holds Ao = 2u(2p) + u(p) + 2u(2) + (1) = 0. For the first graph we have \; =
w(4p) +11(2p) +p(4) +u(2) = 0 while for the second graph we have A\; = p(4p)+u(p)+p(4)+u(2) = —2.
In both cases, it holds that S2(A\; — Ag) = 0 and S2(A2 — A1) > 1 which implies nonexistence of PST.

Case 3.3. ICG,({2,4,p,2p}. It holds that \g = ¢©(2p) + p(p) + ¢(4) + ¥(2) = 2p + 1 € 4N + 3,
A= p(2p) + p(p) + p(4) +p(2) = —1 and As = p(p) + p(p) +20(2) + p(1) = —=3. Now Sa(A1 — Ag) > 2
and S3(A2 — A1) = 1 implies nonexistence of PST.

Case 4. |D| = 5. Since D = D,, we have that ICG,,(D) is complete graph and hence does not have PST.
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