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Abstract

We study the Hankel transform of a sequence (un),,c, defined by the series reversion
of a certain rational function A(z). Using the method based on orthogonal polynomials,
we give closed-form evaluations of the Hankel transform of (u;,), ¢y, and shifted sequences.
It is also shown that the Hankel transforms satisfy certain ratio conditions which recover
the sequence (ay,),,cy, Whose generating function is A(z). Therefore, we indicate that the
term-wise ratio of Hankel transforms of shifted sequences are noteworthy objects of study,
giving us more insight into the processes involved in the Hankel transform.
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1 Introduction

The Hankel transform of an integer sequence has attracted an increasing amount of attention
recently. Although Hankel determinants are well-known for a long time, Layman [18] first
introduced the term “Hankel transform” in 2001. This is a transformation on the set of integer
sequences defined as follows.

Definition 1.1. For a given sequence a = (an),cy, let us consider the (n+ 1) x (n+1) matriz

@it jlo<ij<n- The Hankel transform h = (h,), oy, of the sequence (a,), oy, s defined by

hn = det ([aits]o<ij<n), (n € Ny) (1)

and is denoted by h = H(a).



It is well-known that the Hankel transform is invariant under the binomial and k-binomial
transformations [18, 29] and hence it is not invertible. The Hankel transform provides the con-
nection between certain well-known integer sequences. This is shown in the following examples.

Example 1.1. The Hankel transform of the sequence of Catalan numbers (C, = #1(2:))
A000108 is the sequence of all 1’s [18]. Thus each of the determinants

has value 1. A unique feature of the Catalan numbers is that the shifted sequence C,; also
has a Hankel transform of all 1’s. An interesting feature of the Catalan numbers is that the
sequence C,, — 0,0, or 0,1,2,5,14,42, ... has Hankel transform with general term —n. This
result will be proven at the end of section 5 (Corollary 5.5). Note that the evaluation of the
Hankel-like determinant det[C),+;]o<i j<n IS given in the recent paper of Krattenthaler [16].

2
5
14

1
|1 ) .

1
2

11
12
2 5

Example 1.2. The central binomial coefficients A000984, defined by a,, = (2:), have generating

function \/ﬁ. The Hankel transform of the central binomial coefficients is given by h,, = 2"

[24, 28]. In other words, it holds that

1 2 6
|1 |=1, ‘;2’:2, 2 6 20 |=4,...
20 70 252

Many other Hankel transform evaluations are known in the literature. Papers [5, 26] pro-
vide the Hankel transform evaluation of the sum of two consecutive Catalan and generalized
Catalan numbers. Brualdi and Kirkland used the Hankel transformation of the large Schroder
numbers A006318 for counting a number of tiling of an aztec diamond with dominoes [2]. In
recent papers, Egecioglu, Redmond and Ryavec [7, 8] introduced a method for Hankel trans-
form evaluation based on differential-convolution equations which is applied to several different
sequences. Another method based on exponential generating functions is shown by Junod [13].
One of the earlier contributors to our stock of knowledge about the Hankel transform, Chris-
tian Radoux, had published several proofs of this result, along with other interesting examples
[22, 23, 25]. Different Hankel transform evaluations, as well as the evaluations of other types
of determinants, are given in the papers of Krattenthaler [14, 15].

The Gessel-Viennot-Lindstrom (G-V-L) method [11, 19, 31] provides the connection between
Hankel transform evaluation and lattice paths. A recent example of Hankel transform evaluation
using the G-V-L method is shown in [3]. Further connections between Hankel transforms and
lattice paths are shown for example in [12, 30, 32]. Links between orthogonal polynomials,
lattice paths and continued fractions have been studied by Viennot [31] and Flajolet [9].

In this paper, we use a method based on orthogonal polynomials for Hankel transform
evaluation which is used in [5, 26] and is similar to one used in [2].

Let (ay)
let

nen, be the moment sequence with respect to some measure dA(z). In other words,
0

0 = /Ra:"d)\(m) (n=01,2,..). @)

Then the Hankel transform h = #H(a) of the sequence a = (a,),cy, can be expressed by the
following relation known as the Heilermann formula (for example, see Krattenthaler [15])

ho = ag ™ B85 " - Ba_1Bn. (3)
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The sequence (3,,) appears as a sequence of coefficients in the three-term recurrence relation

Foa(z) = (2 = an) Po(2) = B bpa (2), (4)

n€eNg

satisfied by the sequence (F,(7)),cy, of monic orthogonal polynomials with respect to the
measure dA(x).

The following theorem and corollary provide the way how to explicitly find the measure
d\(x) with prescribed moment sequence.

Theorem 1.1. (Stieltjes-Perron inversion formula) [4, 17] Let (u,) be a sequence

n€Ng
such that all elements of its Hankel transform are non-negative. Denote by G(z) = Z;ﬁ% L 2"
the generating function of the sequence (ji,) and F(z) = 27'G(z71). Also let the function
A(t) be defined by

n€eNy

M) = A(0) = ——— Tim t[F(x +iy) — Flz — iy)] dz. (5)

27T'L y—>0+ 0

Then we have ju, = [ a"dX\(z), i.e. the sequence (fi) 15 the moment sequence of the

measure \(t).

neNy

Corollary 1.2. Under the assumptions of the previous lemma, let additionally F(z) = F(z).
Then .
1
At) = A0) = —= lim [ SF(z+dy)dx. (6)

m y—>0+ 0

For our further discussion we need the definition of the series reversion of a (generating)
function f(z) which satisfies f(0) = 0 (see [1]).

Definition 1.2. For a given (generating) function v = f(u) with the property f(0) = 0, the
series reversion is the sequence (sp), ey, such that

u:f_l(v):31U+82U2—|—--~—|—3n1)n+...7

where u = f~1(v) is the inverse function of v = f(u). Note that since f(0) = 0, there must

hold sy = f~1(0) = 0.

In this paper, we consider the Hankel transform evaluation of a series reversion of the
function m As will be seen in the next section, that sequence generalizes several well-
known integer sequences. Note that the similar evaluation is given by Xin in a recent paper
[33]. In our approach (sections 3, 4 and 5), we mainly used a method based on orthogonal
polynomials.

In the last section, we show that the Hankel transforms satisfy certain ratio conditions which

recover the sequence (gy),,cy, Whose generating function Q(z) was reverted.

X

2 The series reversion of —"— o

Let us consider the sequence (uy,) given by the series reversion of

n€Ng

Q(x)

_ x
1+ ax+ pa?

3



That sequence is already investigated in [1] where several expressions are given for it. Using
Definition 1.2, we find that the generating function U(x) of the sequence (u,), ¢y, i the solution
of the equation

_ Ul(x)
1+ aU(z) + BU(x)?

QU (x)) = (7)

and is given by

l—az— /1 —-2az+ (a? — 48)2?
N 26 '

According to Proposition 9 in [1], the general term of the sequence (uy),,cy, 13

Ufx)

(8)

(2571

U, = Z (TLZ_k 1) Ckanfﬂcflﬁk. (9)

k=0

Consider the shifted sequences (uj,),cy, and (uy),cy, defined by u;, = u,y; and vy =
Un+2. Also denote by h,, b and h’*, the Hankel transforms of the sequences u,,, v and u*
respectively. The Hankel transforms h; and h)* will be used in the evaluation of the Hankel
transform h,,.

Putting = 2 and § = 1 in (8) gives the generating function

2x

1—20—+1—4 =
n=0

of the sequence (Cy, — 0n0),,en, Which is mentioned in Example 1.1.

More generally, if we put & = 2z 4+ 1 and f = 2z we obtain the generating function of the
sequence ((Np(2) — 6n0)/2),en, Where Ny(z) is the n-th Narayana polynomial. This comes di-
rectly from the expression for the generating function of Narayana polynomials (see for example
[6] or [20]).

Furthermore, note that for specific values of o and 3, the sequence (u;)neNo reduces to the
following well-known sequences:

e Motzkin numbers A001006, for « = 5 = 1. This follows directly from the fact that U(z)/x
reduces to M(z) = (1 — z — V1 — 2z — 322)/(22?) which is the generating function of
Motzkin numbers [3, 27].

e Aerated Catalan numbers A126120, for « = 0 and 8 = 1. Again this follows from the fact
that U(z)/x reduces to (1 —+/1 — 422)/(22?) which is the generating function of aerated
Catalan numbers [27].

We show later that the corresponding expressions for h,, and h; also reduce to known ones
in the mentioned special cases.

Note that Q(z) is the generating function of the sequence (gn), .y, satisfying the linear
difference equation
Gn+2 + aGpi1 + Bgn =0
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with initial conditions ¢g = 0 and ¢; = 1. Therefore, the closed-form expression for ¢, is given

by
b= g o= V=) = (oo v

n 052 _
(10)

n—1 I-nTilJ

- (_2% 2 (zkz 1) (af = 45) a7,

k=0

Example 2.1. The first few terms of the previously mentioned sequences are:

Up = (0, 1,0 + B,0° +3a8,a* + 6028 + 282, a° + 10023 + 10052, o + 158 + 30232 + 553 .. )

an = (0,1, —a,a® — 8,208 — o®,a* — 30?8 + 5%, —a® + 4B — 3a8%,.. )
(0, —1,—aB,—a?B* + B4, —a*B° +2a47,..)
= (1,8,8°,8°8",...)
he = (a,0?B — %383 — 2084, 8% — 30287 + 55,..)

It can be observed that the following ratio conditions are satisfied by the first few terms of
the previously mentioned sequences

(1) o (1"
e Qn+1, e qn+2-

These conditions will be proven for general n in the last section of the paper.

3 Moment representations

The following theorem gives an explicit expression for the weight function whose moment
sequence is (uy) The proof is based on the Stieltjes-Perron inversion formula (Theorem

neNg*
1.1).
Theorem 3.1. The sequence (un)neNO, is the moment sequence for the weight function:
a— /a2 —4
w(x) = wee(x) + ﬁé(x) (11)
20
where
46 — (r — «v)?
Wae() = B , € |a—2V3,a+2V/0]
0, otherwise

and §(x) is the Dirac delta function.

Proof. We start from

z—a—/22 =20+ a®—48 z—a—/(z—a)?—40
28z B 28z ’

and let x15 = a & 24/ be the branch points of the function

p(z) = V(2 — @) —4p.

F(z) =20z =

5



We take a regular branch of p(z) such that arg(z — z1) = arg(z — x3) = 0 for z € (x9, +00).
The selected branch is defined on C\ (z1,22) and we have F(z) = F(z). By direct evaluation
we find the following expression for the primitive function of F(z):

Fl(z):/F(z)dZ:%[z—p(z)—(a— a2—4ﬁ> Li(2) + aly(2) — /o — 4B8Ls(2) }

where
Ll(z) = log <,

Ly(z) = log (z —a + p(2)),

Ls(z) = log <oz2 —4p —az+ p(2)Va? — 45) .

In the previous expression, we take a regular branch of the log function on the set C \ [0, +00)
such that lim, o4 log(z + iy) = log x when x > 0. The following then holds

Gylo) = tim (o +ig) = { (A7 (e Sl ) (12)

otherwise

Let Gy () = limy o4 Lg(z + ty) where k = 1,2,3. It is well-known that

m, <0
Gi(z) = yllf& Slog(z +iy) =95, x=0. (13)
0, >0
Similarly there holds
[, T < T
7 + arctan —W, x € [11, )
Gy(zr) = lim SLy(z +dy) = § 3, T =« (14)
y—0
4f—(z—a)?
arctan Y—————, x € (o, x9)
\ 0, T > X9
and
T, T < I
7 + arctan V48 OE;E :‘5 \04/;2 = [z1, 0‘2;4[3)
Gs(x) = lim SLy(z +iy) = { 3, p=224 . (15)
y— e
48 )2/ o? 45 a?—
arctan v af Zﬁ }l/ma x € ( aw,xz]
\ 0, X > Ty

Now from Corollary 1.2 we obtain A(t) = —2(G(t) — G(0)) where the function G(z) is given by
G(z) = lim SF (x + iy)
y—0

= % [—Gp(a:) — (a — \/M) Gi(z) + aGa(z) — Va? — 4BGs(x ] :

Expression (11) is now obtained by differentiation of A(¢) in the sense of distributions. Note
that the functions G,(x), G2(x) and Gs(z) are differentiable for all © € (21, 22) and therefore
they form an absolutely continuous part of the measure dA(z) (given by wg.(z)) while Gy (z)
forms the delta function term.

This completes the proof of the theorem. n



Let @, be the n-th moment of the weight function wg.(z), i.e. @, = fR "W, (x)dx, for
n € Ny. From Theorem 3.1 we obtain

Uy = /R v w(z)dr = /R e () + \/j /

a— /a2 —4p
= Uy, Ono-
Up, + 23 0
where 0, is Kronecker delta. In other words, the sequences (Un)neNo and (ﬂn)neNo differ only
in the elements with index n = 0. Hence, it holds that
—a+/a?—4p3 0
_ n =
Uy, = 23 ’ . (16)

Uy n>1

As we will see in section 5, the Hankel transform of the sequence (u,), oy, Will be evaluated
using the Hankel transforms of the sequences (@, ), oy, and (u;,),en,-

Moment representations of the shifted sequences (uj,),,cy, and (u;)
Theorem 3.1.

holds directly from

n€Ng

Corollary 3.2. The weight function of the sequence (uy,),cn, = (Unt1)pen,

w* (z) = 19 _2;;_&)2, z € [a—2VB,a+ 20 (17)

0, otherwise.

Corollary 3.3. The weight function of the sequence (u)’),cn, = (Unt2)pen,

/48 — (7 — )2
w(x) = s 27r(5x . - w€la=2VBa+2/3]
0, otherwise.

(18)

4 Hankel transforms of the sequences v’ and v *

In order to compute the Hankel transforms h’ and &} using the Heilermann formula (3), we
need the coefficients «,, and 3,, of the three-term recurrence relation. These coefficients will be
obtained by applying weight function transformations. The following lemmas provide relations
between the coefficients «,, and (,, of the original and transformed weight function.

Lemma 4.1. Let w(x) and w(x) be weight functions and denote by (7, (), e, and (7n(2)),en,
the corresponding orthogonal polynomials. Also denote by (an),en, > (Bn)nen, @74 (Gn) ey, » (Bn)

the three-term relation coefficients corresponding to w(x) and w(x) respectively. The following
transformation formulas are valid:

(1) If w(z) = Cw(x) where C > 0 then we have &, = oy, for n € Ny and fo = CBo, B = fn
for n € N. Additionally holds 7, (x) = m,(x) for all n € Ny.

(2) If w(z) = (a:c + b) where a,b € R and a # 0 there holds &, = 2= for n € Ny and
By = I’i and B, = '8” for n € N. Additionally holds 7, (z) = Lm,(az + b).

7

n€Ng



Proof. In both cases, we directly check the orthogonality of 7,(z) and obtain the coefficients
a, and (3, by putting 7, (z) in the three-term recurrence relation for 7, (x). O

Lemma 4.2. (Linear multiplier transformation) [10] Consider the same notation as in
Lemma /J.1. Let the sequence (r;,) be defined by

neNy
ro = ¢ — Qp, T =C— Qy — rﬁnl (n € Np). (19)
If w(x) = (z — c)w(x) where ¢ < inf supp(w), there holds
fo= [ 0) de, Ga=B. meN)
R Tn—1 (20)

ay = Qpi1 + Tngl — Tn, (Tl € NO)

Now we can apply the transformation method to the weight functions w*(x) and w**(z).

Theorem 4.3. The Hankel transform of the sequence (u;)neNo s given by

e = p("2"), (21)

Proof. We use the Heilermann formula (3) and the weight function transformation given by
Lemma 4.1. Recall that

B—@—ap
w*(z) = 23 e [Q_Q\/ROMLQ\/B] :

0, otherwise.

Hence, we start from the monic Chebyshev polynomials of the second kind

B sin((n + 1) arccos z)

QO () = Syla) = e

which are orthogonal with respect to the weight function

0O (2) = {\/1 —a, wel-L1]

B 0, otherwise

The corresponding coefficients «,, and 3, of the three-term recurrence relation are

0 ™
0 =5 B =

1
5 (n>1 =0 (n>0).

Z = )7 n
Now, we introduce a new weight function w®(z) by

o 48 — (x — «a)? e la N
w(l)@):w(m(zﬂ): VU , wefla=2VBa+2Vp]

0, otherwise




and use part (2) of Lemma 4.1 with a = 1/(2v/8) and b = —a/(2v/3). Hence we obtain

oV =a (neNy), pV=ny/B,  BY=8 (neN). (22)

Observe that w*(z) = wW(z)/(7/B). From part (1) of Lemma 4.1 we see that a* = otV =a
for every n € Ny and 8 = 8" = 3, while 8¢ = 8" /(7\/B) = 1. Hence

ay=a (neN), =1 Bi=8 (neN). (23)

The statement of the theorem now holds directly from (23) and the Heilermann formula (equa-
tion (3)):

n+1)

he = (up) (BBt g = U, (24)
]

Now observe that the expression for A}, does not depend on «, which means that all sequences
obtained for a fixed value of § have the same Hankel transform. Moreover, for § = 1 we have
hi =1, which is the Hankel transform of both the sequence of aerated Catalan numbers and
the sequence of Motzkin numbers.

Theorem 4.4. The Hankel transform of the sequence (u;;*)nel\]0 s given by

n+1)

o B0

= 2n+1\/m [(a +/a2 —4B8)"? — (a — /a2 — 4B)" } (25)

Proof. Recall that w™*(z) = zw*(x). Hence, we need to apply one linear multiplier transforma-
tion to the weight function w*(z). According to Lemma 5.1, we introduce the sequence (r},)

n€eNyp
by
ro = —0gy = —q, Tp = —0 — (n € N)
Tn—1
and then obtain the coefficients 5°* by
+oo
o= / w*(x) dx = «,
—0o0
*% * T'n
Tn—1

Recall that coefficients o and S are given by (23). Since we are not able to guess a nice
solution of this recursive equation with initial value 5;* = a, we have to use another approach.
According to the Heilermann formula (3) there holds

e Gy (G

r1 (] T'n+1 1Tn+1
:a-ﬁf—-ﬁ;‘—mﬁ;H” =q- gt e
To 1

B

T'n To
= - /Bn+lrn+17
which implies
h**
Ty = ————, (n>1).
Bnhnfl

9



By replacing the previous expression in

_ s
Tp = —Q — ,
Tn—1
we obtain the following difference equation
hit = aB h = B, (n > 2). (26)

where the initial values are given by h%* = o and h}* = o?3— 2. In order to solve the equation

(26), we introduce a new sequence (yy),, oy, defined by

n2
Yn = Ny 77
Substituting into the previous equation yields

Yn = (X\/Bynfl - BQyan (27)

By solving the linear difference equation (27) with the initial values yo = o and y; = o*/ —

B+/B, we obtain

ik ) n
Yn = 2n+1\/m [(Oé—l-\/M) +2—(a— a? — 44) +2} ‘

Finally, by replacing h'* = y,,0 ¥ we finish the proof of the theorem. m

5 The Hankel transforms of the sequences u, and u,

Recall that the sequence

o+ Ja?—4F
28

Uy n>1

, n=20

2l
3
Il

is the moment sequence of the absolutely continuous part wg.(z) of the weight w(x), which is
given by
4p — (x —a)?
Crela—2VBa+2
Wae(T) = Smin x € a—2v/B,a+2yp]
0, otherwise

Observe that we.(z) = w*(z)/x. We can derive the coefficients &, and j3,, corresponding to
the weight w,.(x), by applying a linear divisor transformation given by the following lemma.

Lemma 5.1. (Linear divisor transformation) [10] Consider the same notation as in the
Lemma /j.1. Let the sequence (1) be defined by

n€Ng
B . B B
roi=— [ w(zr) dr, Tn =C— Qy — (n € Np). (28)
R Tn—1
If w(z) = 1;)(_92, where ¢ < inf supp(w) there holds
d02a0+T07 &n:an_’_rn_rn—lu
_ (29)

Bo = —r_1, Bn = Bn-1

Tn—1
N).
T'n—2 <n © )

10



Theorem 5.2. The Hankel transform of the sequence (ﬂn)neNo s given by

_ () (o= a? — 40 m
h,, = B 2 Qﬁ . (30)

Proof. According to Lemma 5.1 we need to introduce the sequence

B / a— /a2 —4p
n — — - e N s -1 = — ac doe = — 31
e—ai= e el == [ o @1
and compute coefficients /3, by
_ a—a?—4p - Tn—1
= —7Tr_q1 = n — n— N .
Bo r_1 23 , Bn=20 — (n € N)

Recall that
ar=a (neNy), By=1, pr=p (neN).

We proceed similarly as in the case of the sequence u!* (Theorem 4.4). According to the
Heilermann formula (equation (3)), it holds that:

hor
= = o B

() B0 gEl g T

=(=r-1) - B 1 A ro ﬁnrn_l

= - ﬁnrna
which implies B

e hn+1
o Brhe
Recurrence relation (31) now becomes
BnJrl = Oéﬁnﬁn - B2nﬁn71' (32)

7 TL2 . . . .
We introduce a new sequence (v,), oy, defined by v, = h, 372" Substituting into the previous
equation yields:
a
Up, + Vp1 =0, (n>1). (33)

Unt1 — ﬁ

The first two values of the sequence (v,), oy, are given by

a— /a2 — 40 U_a2—25—a\/042—4ﬁ
28 7 26/B '

By solving the linear difference equation (33) we obtain

Vo =

1 ( 5 46) n+1
Up = ——— 5 |~ Vao —
2n+15%
and hence -
_ n — 2 —4p
h, =gl [ ve . 34
g . (34
This completes the proof of the theorem. n

11



The following lemma shows the connection between Hankel transforms of sequences which
differ only in the term with index 0.

Lemma 5.3. Let (un),cy, and (n),cy, be sequences which differ only in the term with index

0, i.e. u, =1, for alln > 1. The Hankel transforms (h,) and (ﬁn)
are related by

of these sequences

n€Ng neNg

hn = Bn + ('LL(] — Ho)h:;il (Tl < NO),

where (hy*),cx, i the Hankel transform of the sequence (uy),cy,, given by uy* = unyo for all
n >0 and h*™ = 1.

Proof. Notice at the outset that the determinant h,, = det[u;1;_s]1<; j<» can be written in the

form of
n—1

ho =Y wpMipi (35)

k=0

where M, , is the minor corresponding to the matrix element (1,%). Also we can write h,, in
the same form

n—1
Ty = UM g1 (36)
k=0
Note that the minors M; ;41 and Mljk_i.l are equal for every £ > 0. Hence, we have
hn - Bn = (UQ — aO)Ml,l'
Finally, we obtain the statement of the lemma by noticing that

k% kk
My = detfuijlicijon—1 = det[Uiyjyo]o<ij<n—2 = det[ui]lo<ij<n—2 = Ry .

]

From Lemma 5.3 and expressions (30) and (25) (Theorem 5.2 and Theorem 4.4) we obtain

the closed-form expression for (h,),,cy, -

Corollary 5.4. The Hankel transform of the sequence (“n)neNo 15 given by

hnzzn\/%[(a— a2—4ﬁ>”—<a+m>n] (37)

By taking o = 2z + 1 and 8 = z, we obtain the Hankel transform of ((N,,(2) — 0n0)/2),en,
where N, (z) is the n-th Narayana polynomial. The case = a?/4 is notweworthy. Expression
(37) cannot be used in that case, since the denominator \/a? — 40 is zero. However, due to the
polynomiality (and hence continuity) of the expression h, = h,(«a, 3) we can find h,(a, a?/4)
by

ho(a,0?/4) = lim  h,(a, B).

B—a? /4
By setting t = y/a? — 4 we have
ﬁ(’;) <a —ya?— 4ﬁ>n - (a + /a2 — 4ﬁ>n

lim hy(a,B) = lim

B2 /1 fa2/a2n1 2\/a% — 43
an(nfl) ' (O./ . t)n . (O[ + t)n narﬂfl
= — lim = .
on -1 50 i omn —1

12



Therefore, the final expression for h, (o, a?/4) is

hn(a,a?/4) = —n <%>n21 :

If we put a@ = 2, we obtain the result mentioned in Example 1.1.

Corollary 5.5. The Hankel transform of the sequence (C, — 5n0)n€N0 15 the sequence with
general term h, = —n.

6 Ratio relations and further research

We can easily check (using expressions (10), (21), (25) and (37)) that the following ratio relations

_1 n+1hn _1 n—f—lh?*{k
<)h—*+1 = Qn+1, % = (ur2 (n € Np) (38)

n

are satisfied. Those relations are general since the coefficients  and g do not appear explicitly.
This result suggests the formulation of the following problem which we leave for further research.

Problem 6.1. Characterize the sequences ¢ = (gn),cp, (i-e. generating functions Q(z)) such
that the Hankel transforms h = H(u), h* = H(u*) and h** = H(u*), where u = (up),,cy, i
the series reversion of Q(z) while u* = (Upn11),en, a0d U™ = (Uni2),ep,, satisfy ratio relations

(38).
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