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ABSTRACT

Fourier transformation for a wide class of complexvalued p-adic functions is calculated.
Corresponding integral formulas are presented. Eigenproblem and application of the
pseudodifferential operator with rational part are discussed.
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1. Introduction

During last 15 years there has been much interest around p-adic numbers and ultrametric spaces in
theoretical and mathematical physics (see [1]-[4]). The most attractive investigations have been on
Planck scale physics and quantum cosmology. However, p-adic anaysis applies in study of
deformation quantization, spin glasses, disordered systems, quasi-crystals and some other dynamical
systems.

The advent of the “New Quantum Mechanics’ of Heisenberg, Schrodinger and Dirac in the late 1920's
started a revolution in the mathematical outlook of quantum physics. Here, accent was on
noncommuitativity of the quantum world instead of the Planck discreteness in the “Old Quantum
Mechanics’. Its manifest was the famous H. Weyl book [5]. In particular it presents the Weyl rule for
gquantization of classical observables — the functions f(p,q) of 2n canonical variables

p=(p,-Py)s 0=(9,,.--,0,) On the phase space. The corresponding quantum observables are

operators

f(P,Q)= (2pl)2“ ™ d"x T (x, X) expli (x P + XQ) )

R2n
where P and Q are unbounded canonical operators of partid differentation. The Weyl operators
f(P,Q) are now known as pseudodifferential (PD) operators. There are very reach literatures

concerning PD operators (e.g. see[6]).

The formalism of p-adic quantum mechanics proposed by Vladimirov and Volovich [7] is based on
the direct construction of the unitary representation of an evolution operator U(t) and its kernel K, on
the Hilbert space L, (Qy)
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U p(ta)y p(X@z c‘j<p(x@t¢§x0;t0)y p(Xq:t@qu: @
Qp
? Is0, the Weyl quantization is understood.

The standard Hamiltonian approach fails in this situation, since Q, is totally disconnected. It excludes
possibility to define infinitesmal generators of space and time trandation. Nevertheless, there is a
natural desire and a need to find some (pseudo)differential equation for wave function.

2. Mathematical preliminaries

Usualy, a p-adic number is expressed as follows
¥
x=p*@d x;p', o)1 Z, x;1{012..,p-3 x,*0. ©)
j=0
Corresponding p-adic norm of a number presented aboveis. |Xx|,= p 9% In calculation related to a
new pseduodifferential operator we will use rationa part of a p-adic number{x} , :
{} i 0, g0 or x=0
X0 =1 _qg(x 3
= Hp90 i+, 3PP+t g, P g <0,
It is worth noting that for x,yl Qu: (D {x+y},={x,+{¥}p- N, where N=01; (2
{-%,=1-{x,, [x]p,>1. Also, let us State the notation for the ring of p-adic integers, p-adic disc
and circle, respectively:
Z,={xI Q, :|><1p £1,
S, (@ ={xI Q,:x- 4 =p%, gl Z )

@

A ~ 9
B, (@) ={xI Q,:|x- a|p£p9}, gl Z, |JS,(@)=B,(a)
n=-¥
An additive character ¢ ,(x)= exp(2pi{x} ;) on Q, is a complex-valued continuous function. Recall
that in the real case one has ¢, (x) = exp(- 2pix).

There is well-defined Haar measuredx on Q,, . Fourier transform F(e) of f(x) isdefined by

fle)=F[flx= of (e ,(ex)x 6)
Qp

3. Quantization and p-Adic Quantum M echanics

As we aready said, in p-adic case we are forced to use Weyl operators of finite transformations,
which, in an anaogy with real case, should be symbolically written as

- aq ag - bk d
Q@)=c,(H=em20i ), P(b)=c, ) =exp{b_}, )
wherea and b are p-adic parameters. In this way commutation relation obtains form
R NB ab, 5.4
Q@)P(b) =exp(2pi{- T} »)P(0)Q@). ®
It is possible to introduce the family of unitary operators
- 1 \o nnA Lo
Wp(z):Cp(_Eqk)Kp(b)Qp(a)v zl Qp Qp (9)
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that is a unitary representation of the Heisenberg-Weyl group. Dynamics of a p-adic quantum modd is
described by a unitary operator of evolution U(t) formulated in terms of its kernel This way p-adic

quantum mechanicsis given by atriple (L2 (Qp).Wp(zp),U p(tp)) [1,6].

Establishing a differnet approach to p-adic quantum mechanics Vladimirov has introduced a
pseudodifferential operator [1]

D%y (x)= gel,y (e)c,(-ex)de (10
Q
where e[, is the symbol of the operator D®, and F[D% ]=|x|; y . It leads to nonstationary
Schreodinger-type equation [8] (in fact, diffusion equation) with potential V (x)
1
Dy (x,t):WDiy (1) +V(3y (x.1). (12)
P
For V(x) =0, one has free-particle equation with the solution which can be interpreted as a
decomposition into plane waves

y (6= ¢y K)c p(th - kx) dk. 12)
<

While in the real case there is solution of the Cauchy problem such a solution does not exist in p-adic
case (for more details see [9]), since

D, e(x,t)- D?e(x,t) L d(x,t). (13)
It should be added that a new, very interesting dass of p-adic PD has been introduced recently [10].
The constructed operators, unlike the Vladimirov operator are not diagonalizable by the Fourier
transform.

4. Pseudodifferential Operator with Rationa Part

As a consequence of relation (13), it is fully justified to explore other possibilities for PD in padic
guantum mechanics [11].

Analysing (8) we find a possibility to introduce an operator which acts on the character as
a X d a X ..ab a x
Dc (—)={b—}3c (—)=2pi{—3 c (. 14
p(h){dx}p p(h) |0{h}p p(h) (14)
In accordance with (14) and to provide the form of Vladimorov operator we propose the action of new
operator
d

a ﬂ_ ia 2 -ﬁ = i B v _%a _ﬁ
{ba}pcp(h)—{bdx}pgw)cp( ) dk=(i) Q?/("){ o0, dk (19

Any application of this operator in the investigation of some particular p-adic models requires
caculation of many new integrals. We list here afew of these results.

It should be noted that integral (15) convergesif y (x) islocally constant function. Recall any locally
constant function on By, (and its Fourier transformation) could be written as follows [1]

N-g

f)=a f@)Wp?[x-a"l],), xa'l By. (16)

n=1
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N-g
o

fk)= & f@)Wp°|k-a"|,). 17
n=1
According to (15) we have (b,a,h=1)

o' F
D,f(X=a f@a)a op"{-k,c,-kJdk (18)
n=1L h=—¥51
For g3 Op D,f(x)=0.For g <0 wehave
O B - . 0
D.f(x)= & f(@a"ha p gocp(kx)dk- K ,c (- k9dk: (19)
n=l h=l  es S ]
where the last integral is (| x|, = p" ):

0, for h£0orM >0

|
T -
i " 2L for h>0me0h M|
i 2p
\ 1 M
3K e ol k=i L Pl o h>omMeQh=|M[+1 (O
S : Cp(-xp7)-1 2
! 1h - 1h+1 , for h>0ME£0h 3 |M|+2
fep(-xp7)-1 cp(-xp " 7)-1

Equation (18) is a good basis for further investigation of the eigenvalue problem of a wide range of
function important in p-adic quantum mechanics.

All these results express very complex mathematical nature of PD with rational part. It serves a good
starting point for investigation of its spectral properties, related to standard quantum mechanica
models as well asto other parts of physics treated by means of p-adic analysis.
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