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Introduction

Classification results on surfaces with parallel mean curvature vector
field:

@ Surfaces with parallel mean curvature vector field in Riemannian space
forms were classified in [B.-Y. Chen, Geometry of submanifolds, 1973]
and Yau [S. Yau, Amer. J. Math., 1974].

@ Spacelike surfaces with parallel mean curvature vector field in
pseudo-Euclidean spaces with arbitrary codimension were classified in
[B.-Y. Chen, J. Math. Phys. 2009] and [B.-Y. Chen, Cent. Eur. J.
Math., 2009).

@ Lorentz surfaces with parallel mean curvature vector field in arbitrary
pseudo-Euclidean space ET are studied in [B.-Y. Chen, Kyushu J.
Math., 2010] and [Y. Fu, Z.-H. Hou, J. Math. Anal. Appl., 2010].

@ A survey on submanifolds with parallel mean curvature vector in
Riemannian manifolds as well as in pseudo-Riemannian manifolds is
presented in [B.-Y. Chen, Arab J. Math. Sci., 2010].
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Introduction

Definition

A submanifold in a Riemannian manifold is said to have parallel
normalized mean curvature vector field if the mean curvature vector is
non-zero and the unit vector in the direction of the mean curvature vector
is parallel in the normal bundle [B.-Y. Chen, Monatsh. Math., 1980].

Our aim: To describe the surfaces with parallel normalized mean curvature
vector field in E?, in E4, and in Eg in terms of three invariant functions
satisfying a system of three partial differential equations.

Our approach: To introduce special geometric parameters on each such
surface (canonical parameters).

Velichka Milousheva (IMI-BAS) Surfaces with Parallel Normalized MCVF XX Geom Seminar 3/24



Let M?: z = z(u,v), (u,v) € D (D C R?) be a local parametrization of a
surface free of minimal points in E*.

We introduce a geometrically determined moving frame field:

TR
VE'' T VG )
H - the mean curvature vector field, b = W; we choose [ such that

{x,y, b, 1} is a positively oriented orthonormal frame field in E4.

x and y are collinear with the principal directions;

Frenet-type derivative formulas:

Vix = vy + v b; Vib=—-11x—\y + B 1,
Viy=-mx + Ab +pul, Vib=—-Ax— 12y + Bl
Vix = —ny +Ab +pul; Vil = —py — B1b;
V;,y: Yo X + 1y b; V;,I:—,ux — [ b;
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Y, Y2, V1, V2, A\, i, B1, Po are functions on M? determined by the
geometric frame field as follows:

v = (Vix,b), vy = (Vyy,b), A= (Viy,b), pw=(Viy, 1),

M= (Vix,y),  m=(Vyy,x),  Bi=(Vibl),  B=(V)bI).
We call these functions geometric functions of the surface since they
determine the surface up to a rigid motion in E*.

For surfaces free of minimal points the function p # 0.

We consider the general class of surfaces for which p, p, # 0.
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Fundamental Theorem for surfaces in E*

Let v1, v2, V1, V2, A, i, B1, B2 be smooth functions, defined in a domain
D, D C R?, and satisfying the conditions

Hu . Hv .
2uy2 +v1 B2 — A By = 2uy1+ 1281 — AP >
—mnVEVG = (VE),; —VEVG = (VG)y;
nve— (XN +p?) = \/1E (72)u + \% (m)v — ((71)2 + (72)2)i
QD p+ubi—(n—wv)m = \/:lE)\u — \/16 (v1)v;

A +uBr+ (v — 1)y = _\/1§ (v2)u + \% Av;

Y B — Y2 B2+ (11 — )y = _\/1E (B2)u + \% (B1)v,
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Fundamental Theorem for surfaces in E*

Hu 2%
where VE = 2uy2+v1 B2 — AL’ YE= 2uyt+ 21— AB2 et
{x0, Y0, bo, Iy} be an orthonormal frame at a point py € R*. Then there
exist a subdomain Dy C D and a unique surface
M? : z = z(u,v), (u,v) € Dy, passing through po, such that
Y, Y2, V1, V2, A, t, B1, Bo are the geometric functions of M? and
X0, Y0, bo, lo is the geometric frame of M? at the point py.

The meaning of this theorem is that:

Any surface of the general class is determined up to a rigid motion
in E* by the geometric functions i, 72, v1, 12, A, 1, B1, Ba. J
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Basic classes of surfaces characterized in terms of their

geometric functions

The Gauss curvature K, the curvature of the normal connection K and
the mean curvature vector field H are expressed as follows:

v+

K =111y — (N + p?); Kt = (v — w)u; H= 5

b.

Proposition 1

The surface M? is flat if and only if A2 4+ u? = vy 1.

Proposition 2

The surface M? has flat normal connection if and only if 1, — v, = 0.

Proposition 3

The surface M? has non-zero constant mean curvature if and only if
v1 + v» = const # 0.
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Basic classes of surfaces characterized in terms of their

geometric functions

M — n-dimensional submanifold of (n + m)-dimensional Riemannian
manifold M; £ — a normal vector field of M.
The allied vector field a(§) of ¢ is defined by the formula

a(¢) = ”i” > {tr(Ar o A Y,
k=2

,€2,...,&m} is an orthonormal base of the normal space

where {& = ||§||

of M, and A; = A¢;, i =1,...,mis the shape operator with respect to &;.
The allied vector field a(H) of the mean curvature vector field H is called
the allied mean curvature vector field of M in M.

B.-Y. Chen defined the .A-submanifolds to be those submanifolds of M for
which a(H) vanishes identically. The .A-submanifolds are also called Chen
submanifolds.
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Basic classes of surfaces characterized in terms of their
geometric functions

Proposition 4

The surface M? is a non-trivial Chen surface if and only if A = 0.

Proposition 5

The surface M? has parallel mean curvature vector field if and only if
f1 = P2 =0 and 11 + 1 = const.

Proposition 6

The surface M? has parallel normalized mean curvature vector field if
and only if 1 = B, = 0.
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Surfaces with parallel normalized mean curvature vector field

Definition

Let M? be a surface with parallel normalized mean curvature vector field.
The parameters (u, v) of M? are said to be canonical, if

1 1
—_; F=0; G(u,v) = ——.
) = v

Each surface with parallel normalized mean curvature vector field in E*
locally admits canonical parameters.
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Surfaces with parallel normalized mean curvature vector field

Fundamental Theorem — canonical parameters

Let A(u, v), u(u, v) and v(u, v) be smooth functions, defined in a domain
D, D C R?, and satisfying the conditions

uw#0, v const,

vu=Av — A(In[pu])v;

v = Ay = A(In[p])u;

V2 — (W +p?) = 3lplAlnul.

If {xo0, Y0, (n1)o, (n2)o} is a positive oriented orthonormal frame at a point
po € E*, then there exists a subdomain Dy C D and a unique surface

M2 : z = z(u,v), (u,v) € Dy with PNMCVF, such that M? passes
through py, the functions A(u, v), u(u, v), v(u, v) are the geometric
functions of M? and {xo, yo, (n1)o, (n2)o} is the geometric frame of M? at
the point py. Furthermore, (u, v) are canonical parameters of M?.

v
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Surfaces with parallel normalized mean curvature vector field

Any surface with parallel normalized mean curvature vector field is

determined up to a motion in E* by three functions A(u, v), u(u, v) and

v(u, v) satisfying the following system of partial differential equations
vy = Ay — A(In |u])y;
v = Ay — A(ln[p)u; (1)
V2 — (W +p) = 3lplAldnul.

So, by introducing canonical parameters on a surface with PNMCVF we
reduce the number of functions and the number of partial differential
equations which determine the surface up to a motion.

Remark: If we assume that A = 0, then system (1) implies v = const. In
this case the surface M? is of constant mean curvature and has parallel
mean curvature vector field. This class of surfaces is described by B.-Y.
Chen. So, we assume that \ # 0.
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Spacelike surfaces with parallel normalized mean curvature

vector field in E7

Any spacelike surface with parallel normalized mean curvature vector field
is determined up to a motion in E} by three functions A(u, v), u(u, v) and
v(u, v) satisfying the following system of partial differential equations

vu = Av = A(In|ul)v;

vy = Ay — A(In|p)u; (2)

e(® = X + %) = §|p|Aln|ul,

where e = 1 corresponds to the case the mean curvature vector field H is
spacelike, e = —1 corresponds to the case H is timelike.
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Lorentz surfaces with parallel normalized mean curvature

vector field in E3

Any Lorentz surface of general type with parallel normalized mean
curvature vector field is determined up to a rigid motion in E4 by three
functions A\(u, v), u(u, v) and v(u, v) satisfying the following system of
three partial differential equations

vu = —Av + AIn |pf)v;
vy = Ay — AIn |u))u; (3)

1
e(v? + X% — ) = S |ul A" n |ul,

0? 0? . :
where A" = — — V) is the hyperbolic Laplace operator;
u v

2
e = £1 =sign(H, H).
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Construction of meridian surfaces in E*:

Let {e1, e, €3, €4} be the standard orthonormal frame in E%;

f =f(u), g = g(u) — smooth functions, defined in an interval / C R, such
that F2(u) +g%(u) =1, uel.

Rotation of the meridian curve m: u — (f(u), g(u)) about the Oes-axis:

M3: Z(u, wiw?)=f(u) (cos w' cos w?e; +cos w! sin w? ey +sin w! e3 g (u)es.

Let w! = wl(v), w? = w?(v), v € J, J C R. We consider
M z(u,v) = Z(u,wt(v),w?(v)), uel, veld.

M is a one-parameter system of meridians of the rotational hypersurface

M3. We call M a meridian surface on M3 .
1

1 1

If we denote /(w!, w?) = cos w' cos w? e + cos w' sin w? e + sin w! e3,
then the parametrization of the rotational hypersurface is written as

M3 : Z(u, wh, w?) = f(u) I(w!, w?) + g(u) &.
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The meridian surface M is parametrized by:
M z(u,v)=Ff(u)l(v) +g(u)es, uvel vel

I(wl, w?) is the position vector of the unit 2-dimensional sphere S2(1) lying
in the Euclidean space E3 = span{e;, es, e3} and centered at the origin O;
c: 1= I(v)=I(wl(v),w?(v)), v € Jis a smooth curve on S2(1).

So, each meridian surface is determined by a meridian curve m of a
rotational hypersurface and a smooth curve c lying on the sphere S2(1).

All invariants of M are expressed by the curvature »,(u) of the meridian
curve m and the spherical curvature s(v) of the curve ¢ on S2(1).
Special cases:

1. If (v) =0, i.e. the curve c is a great circle on S?(1), then the meridian
surface M is a surface lying in a 3-dimensional space.

2. If 5¢y,(u) =0, i.e. the meridian curve m is part of a straight line, then
M is a developable ruled surface.
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We consider meridian surfaces of the general case: s, (u) 5(v) # 0.

Geometric functions of M:
M =—-"2= E,
_ VR H @+ Fram)?
2f '
I ki,
C2f /K24 (g + Frm)?

14 %)

— —KEm .
S/ Tk

B 1 d . _d g+ TEmY
= e e (a6 e = ) )
B 1 d . d g+ km
%= T30+ 6 + o)) <’€du (& Fiim) g, () f) '
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A solution to the system of PDEs describing the surfaces

with PNMCVF
Let f(u) =V +2u+5; g(u)=2In(u+14+Vu?+2u+5);

c : I = I(v) - an arbitrary curve on S?(1) with »(v) # 0.

Geometric functions of M:

B - u+1 _
n=TrE V2(u? +2u+5)
»z\V
V1=V2=2\/%;
“(v)
VP 2u+5
2
H= u2+2u+5;
p1=p2=0.
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A solution to the system of PDEs

The mean curvature vector field is
A)
2Vu? +2u+5

Since (H,H) # 0 and 51 = 52 = 0, M is a surface with parallel
normalized mean curvature vector field and non-parallel H.

Geometric functions A, p, v with respect to the parameters (u, v):

\ = (v)
2V/u2 +2u+5
2
h 2 iou+s (4)

(v) .
VU2 +2u+5

The parameters (u, v) coming from the parametrization of the meridian
curve m are NOT canonical parameters of M.
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A solution to the system of PDEs

Change of the parameters:

g=In(u+14+Vu?>+2u+5)+v
5
v=In(u+1+Vu?2+2u+5)—v (5)

(@, v) — canonical parameters of M.

Hence, the functions A(u(a, v), v(a, v)), u(u(a, v), v(ad, v)), and
v(u(a, v),v(ad, v)) give a solution to the following system of PDEs

va = Az — A(In|u])v
vy = Ag — A(In|u])a; (6)
v — (N + 1) = lplAlnpl].
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A solution to the system of PDEs

Solutions to the system
vy =Av = Alln[pul)y;
vy = Ay — Alln[p])u;
e(? = N + %) = 3|ulAln ],

and the system
vy =—=Av + A(In|p])v;
Vo = Xo = A(n [1])u
e(V? + X% — p?) = %|M|Ah In {pl,

can be found in the class of meridian surfaces in E} and E3, respectively.
Note that in E7 there exist three types of spacelike meridian surfaces, in E3
there are four types of Lorentz meridian surfaces. All of them give solutions
to the corresponding system of PDEs.

Velichka Milousheva (IMI-BAS) Surfaces with Parallel Normalized MCVF XX Geom Seminar 22 /24



References

ﬁ Aleksieva Y., Ganchev G., Milousheva V., On the theory of Lorentz
surfaces with parallel normalized mean curvature vector field in
pseudo-Euclidean 4-space. J. Korean Math. Soc. 53 (2016), no. 5,
1077-1100.

[ Chen B.-Y., Geometry of Submanifolds, Marcel Dekker, Inc., New York
1973.

@ Chen B.-Y., Surfaces with parallel normalized mean curvature vector.
Monatsh. Math. 90 (1980), no. 3, 185-194.

[§ Chen B.-Y., Classification of spatial surfaces with parallel mean
curvature vector in pseudo-Euclidean spaces with arbitrary
codimension. J. Math. Phys. 50 (2009), 043503.

[@ Chen B.-Y., Complete classification of spatial surfaces with parallel
mean curvature vector in arbitrary non-flat pseudo-Riemannian space
forms. Cent. Eur. J. Math. 7 (2009), 400-428.

Velichka Milousheva (IMI-BAS) Surfaces with Parallel Normalized MCVF XX Geom Seminar 23 /24



References

E

Chen B.-Y., Complete classification of Lorentz surfaces with parallel
mean curvature vector in arbitrary pseudo-Euclidean space. Kyushu J.
Math. 64 (2010), no. 2, 261-279.

Chen B.-Y., Submanifolds with parallel mean curvature vector in
Riemannian and indefinite space forms. Arab J. Math. Sci. 16 (2010),
no. 1, 1-46.

Chen B.-Y., Pseudo-Riemannian Geometry, -invariants and
Applications, World Scientific Publishing Co. Pte. Ltd., Hackensack,
NJ 2011.

Fu Y., Hou Z.-H., Classification of Lorentzian surfaces with parallel
mean curvature vector in pseudo-Euclidean spaces. J. Math. Anal.
Appl. 371 (2010), no. 1, 25-40.

Ganchev G., Milousheva V., Invariants and Bonnet-type Theorem for
Surfaces in R*, Cent. Eur. J. Math. 8 (2010) 993-1008.

Velichka Milousheva (IMI-BAS) Surfaces with Parallel Normalized MCVF XX Geom Seminar 24 /24



References

[d Ganchev G., Milousheva V., Special Classes of Meridian Surfaces in the
Four-dimensional Euclidean Space, Bull. Korean Math. Soc. 52, no. 6
(2015), 2035-2045.

[§ Shu, S., Space-like submanifolds with parallel normalized mean
curvature vector field in de Sitter space. J. Math. Phys. Anal. Geom. 7
(2011), no. 4, 352-369.

8 Yau, S., Submanifolds with constant mean curvature. Amer. J. Math.
96 (1974), 346-366.

Velichka Milousheva (IMI-BAS) Surfaces with Parallel Normalized MCVF XX Geom Seminar 25 /24



Thank you for your attention!
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