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1. Introduction

Several concepts and theories in functional analysis have turned out to be
powerful and widely used tools in operator theory, in particular in the theory

of matrix transformations in summability.

We study the theories of
o 'K, BK, AK and AD spaces
e multiplier and dual spaces
e matrix transformations

® measures of noncompactness
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Summability

The classical summability theory deals with a generalisation of the conver-
gence of sequences or series of real or complex numbers. The idea is to
assign a limit to divergent sequences or series by considering a transform.
Most popular are matrix transformations.

Let A = (ank>73?k:0 be an infinite matrix, and © = ()72, be a se-
quence of complex numbers. Then A defines a matrix transformation or

summability method A by

O

(1.1) yn = (Ax)y = Zankxk forn=0,1,....
k=0

The sequence © = ()7, is said to be summable A to /, if

lim vy, = £ exists.
n—oo
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The most important summability methods are given by

e Hausdorff matrices and their special cases

— Cesaro
— Euler

— Holder matrices

e Norlund matrices

We refer to [Har, , Pey,

] for the classical summability theory.
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Matrix Transformations

The theory of matrix transformations deals with establishing necessary and
sufficient conditions on the entries of a matrix to map a sequence space X
into a sequence space Y.

Let w, ¢ and {~, denote the sets of all complex, convergent and bounded
sequences. Given X,Y C w, we write (X,Y) for the class of all infinite
matrices that map X into Y. So A € (X,Y) if and only if the series
(Ax)p in (1.1) converge for all n and all z € X and

(1.2) Ax = (Ax), 2o €Y forall z € X.

n=0

The first results were the Toeplitz theorem for the class (¢, ¢), the char-
acterisation of conservative matrices, and the Schur theorem for the class

({50, ¢), the characterisation of coercive matrices.

5
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Theorem 1.1 (O. Toeplitz, 1911) ([Toe]) A € (¢, ¢) if and only if

®.0
(1) [ Al =sup > fan| < oo,
n
k=0
(i1) nh_)rnoo a1 = Q. exists for every k
and
0.0
(iii) nhr}noo Z% Q. = (v exists.

Theorem 1.2 (O. Schur, 1920) A € ({, ¢) if and only if

O

(i) SUp Z |a,,i.| is uniformly convergent in n
" k=0

and

(i1) lim a, = ;. exists for every k.

n—o0

6
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Applications

Example 1.3 Steinhaus type theorems
A matrix is called regular if it is conservative and preserves limits. Toeplitz

also proved that A is conservative if and only if conditions (i), (ii) and (iii)

of 1.1 hold with . =0 for all k and oo = 1.
The states that, for every regular matrix A, there is a

bounded sequence which is not summable A.

Proof.  Assume there is a regular matrix A € ({0, c). Then it follows

from 1.1 (iii), (ii), and 1.2 (i) that
O O
l = nh_}m@@ ];)ank = 2% (nli)moo ank) = 0.
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Example 1.4 Weak and strong convergence coincide in {1, the set of all

absolutely convergent series.

®.0

-~ 1s weakly convergent to x in /,

We assume that the sequence (117(”))
that is
f(il/’(n)) — f(x) — 0 for every f € (7.

Since /] and {~; are norm isomorphic, to every f € 7 there corresponds a

sequence a € o such that
0.9

f(?J) = Zakyk for all (TS lq.
k=0

We define the matrix B = (b,,1,)>% _ by by = a:]in)—xk (n,k=0,1,...).

Then we have for all a € /+
F(a) = f2) =Y (l’én) - l’k) = bpraj, — 0 (n — 00),
k=0 k=0

8
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that is B € (£, ). It follows from Theorem 1.2 that

le™ =l =3 ol — g = 3 bkl — 0 (n — o0).
k=0 k=0

Surveys of results on matrix transformations can be found in |

, , ], and in | ] for infinite matrices of operators.
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2. FK, BK, AK and AD Spaces

The theory of 'K spaces is the most powerful tool in the theory of matrix
transformations ([Will, Wil2, K-G, Zel, M-R]).

Definition 2.1 Let H be a linear space and a Hausdorff space. An FH
space is a (locally convex) Fréchet space X such that X is a linear sub-
space of H and the topology of X is stronger than the restriction of the
topology of H on X.

If H= w with its topology given by the metric d with
©.@)

1 ’xk yk”
2.1 dlx,y) = E T,y € W),

then an F'H space is called an FK space.

A BH space or a BK space isan F'H or F'KK space which is a Banach

space.

10
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Remark 2.2 Since convergence in (w, d) and coordinatewise convergence

are equivalent, convergence in an F'KK space implies coordinatewise con-

vergence.

Example 2.3 Let H = F ={f : |0,1] — R}, and, for every t € [0, 1], let
t : F — R be the function with t(f) = t(f). We assume that F has the
weak topology by ® = {t : t € [0,1]}. Then C[0,1] is a BH space with
171 = supyepo g L0

Proof. Let (f1.)5° , be a sequence in C'|0, 1| with f;. — 0 (k — 00), then
k)l—0 k

t(fr) = fr(t) = 0 (k — oo) for all t € D,
thatis f. — 0 (k — oc0) in F. ]

11
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Example 2.4 Trivially w is an 'K space with its metric defined in (2.1)

The sets (o, ¢ and cq (of null sequences), and (| are Banach spaces with

the natural norms

|2||oc = sup |xi| on Lo, ¢, ¢

and
©.@)
Jill = 3 il on 1.
k=0
Since

rr. < ||z|| in each case,

norm convergence implies coordinatewise convergence.

So these spaces are BK spaces.

12



Previous Next First Last Back Zoom To Fit FullScreen Quit

Theorem 2.5 Let X be a Fréchet space, Y be an F'H space and [
X — Y be linear.

If f . X — H is continuous, then | : X — Y s continuous.

Proof. Let 7Ty, 7y and 7y be the topologies on X, Y and of H on Y.
If f: X — (Y,7p) is continuous, then it has closed graph by the

(any continuous map to a Hausdorff space has closed graph).
Since Y is an F'H space, we have 7y C Ty, and so f : X — (Y, 7y ) has
closed graph.

Consequently f : X — (Y, 7y ) is continuous by the
[]

Corollary 2.6 Let X be a Fréchet space, Y be an F K space, f : X — Y
be linear, and P, : X — C (n € IN) be defined by P,(x) = xy,.
If Phof : X — Cis continuous for everyn, then f : X — Y is continuous.

13
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Proof. Since convergence and coordinatewise convergence are equivalent
in w, the continuity of P, : X — C for all n implies the continuity of
f: X —w, henceof f: X —Y by 2.5. []

Theorem 2.7 Let X D ¢ be an F'K space where ¢ denotes the set of all

finite sequences.

If the series Y - oaj.x}, converges for all x € X, then the linear functional
fo : X — C defined by

O

falz) = Zakxk for all x € X
k=0
IS continuous.

14
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Proof. We define fC[Ln] : X —C (n € Ny) by

n

fc[zn](x) = Zakxk for all x € X.
k=0

Since X is an F'K space, fC[Ln] e X* for all n. The limit f,(x) =
limy, 00 fC[Ln](a:) exists for all z € X, hence f, € X™ by the
[]

Theorem 2.8 Any matrix map between F' K spaces is continuous.

Proof. Let X and Y be F'K spaces, A € (X,Y)and fy : X — Y be

defined by f4(x) = Ax for all x € X.
Since the maps P, o f4 : X — C are continuous for all n by 2.7,
fa: X — Y is continous by 2.6. []

15
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The F'H topology of an F'H space is unique.

Theorem 2.9 [et X and Y be F'H spaces with X C Y.

Then the topolgy Tx is larger than the topology Ty |y of Y on X.
They are equal if and only if X is a closed subspace of Y .

In particular, the topology of an F'H space is unique.

Proof. Apply 2.5 to the inclusion map ¢ : X — Y to obtain all
the statements except that about the equality of the topologies.

If X is closed in Y then X becomes an F'H space with 7y |y. By the
uniqueness 7y = Ty | y.

It Ty = Ty|X, then X is a complete, hence closed, subspace of Y. [ ]

16
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The class of F'K spaces is fairly large.

Example 2.10 A Banach sequence space which is not a BK space

We consider the spaces (cy, || - ||oo) and
\ 1/2
®.0 ®.0
lh= x€EW: Z 2p]? < 0o b with ||z])s = Z 1|2

k=0 / k=0
Since they have the same algebraic dimension, there is an isomorphism
f :cog — lo. We define a second norm || - || on cq by

lzll = [1f ()12

Then (cq, || - ||) is a Banach space. But ¢y and {9 are not linearly homeo-

morphic, since {5 is reflexive, and cq is not. Therefore the two norms on c
are incomparable. By 2.4 and 2.9, (co, || - ||) is a Banach

sequence space which is not a BK space.

17
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Theorem 2.11 Let X, Y and Z be F'H spaces with X C Y C Z.
If X is closed in 7/, then X is closed in Y .

Proof. X is closed in (Y, 7T|y), soin (Y, 7y) by 2.9. []

Theorem 2.12 [et X and Y be F'H spaces with X C Y, and E be a
subset of X.
Then

chy (E) = ch(clx(F)), in particular clx(E) C cly(F).

Proof.  Since Ty|y C Ty by 2.9, it follows that clx(F) C
cly (EF). This implies

cly (clx(E)) C cly(cly(E)) = cly(E).
Conversely, E C clx(F) implies cly (F) C cly(clx(FE)). ]

18
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Example 2.13 (a) Since ¢ and c are closed in {~;, their BK topologies
are the same; since {1 is not closed in {~,, its BK topology is strictly
stronger than that of {~, on {1 (Theorem 2.9).

(b) If ¢ is not closed in an F'K space X, then X must contain unbounded
sequences (Theorem 2.11).

Definition 2.14 [et X D ¢ be an F'K space. Then X is said to have
(a) AD ifclx(¢) = X,
(b) AK if every sequence x = ()72, € X has a unique representation

T = Zaﬁke<k> where eg{) =1 and eg-k) =0 (j #k).
k=0

19
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Example 2.15 (a) Every F'K space with AK has AD.

(b) An Example of an F'K space with AD which does not have AK can
be found in [Wil2, Example 5.2.14, p. 80].

(c) The spaces w, ¢y and {1 have AK.

(d) The space ¢ does not have AK; every sequence x = (x},)7-, € ¢ has

a unique represen tation

x—€e+2xk— ) where £ = lim x;. and e;. = 1 for all k.

k— 00

(e) The space EOO has no Schauder basis, since it is not separable.

20
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Applications
Theorem 2.16 Let X be an F'K space with AD, andY and Y| be FK

spaces with Y7 a closed subspace of Y .

Then A € (X,Y}) ifand only if A € (X,Y) and Ae'¥) € Y] for all k.
Proof. First we assume A € (X, Y]).

Y] C Y implies A € (X,Y), and elk) ¢ X implies Aelk) Y.

Now we assume A € (X,Y) and Aelk) e Y7 for all k.

Define f4: X — Y by fu(x) = Ax for all z € X. First Aelk) € vy im-

plies f4(¢) C Y]. By 2.8, f 4 is continuous, hence f4(clx(¢)) =
cly (fa(®)). Since Y] is closed in Y, and ¢ is dense in X, we have

fa(X) = falcx(9)) = cly(fa(¢)) Ccly(Yr) =cly, (Y1) =13
by 2.9. []

21
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Theorem 2.17 Let X be an 'K space, X = X ® e and Y a linear
subspace of w.
Then A€ (X,Y) ifandonlyif A € (X,Y) and Ae € Y.

Proof. First we assume A € (X1,Y).
X C X implies A € (X,Y), and e € X implies Ae € Y.

Conversely, we assume A € (X,Y) and Ae € Y.
Let ©1 € X7 be given. Then there are x € X and A € C such that
xr1 = + Ae, and it follows that

Axy = A(x + de) = Ax + Me €Y.
]

Let X and Y be Banach spaces. As usual, we denote by B(X,Y) set of

all bounded linear operators L : X — Y which is a Banach space with the

22
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norm
IL|| = sup {||L(z)] - [[=]| = 1} .
Theorem 2.18 Let X and Y be BK spaces.

(a) Then (X,Y) C B(X,Y), that isevery A € (X,Y) defines an operator
Lye B(X,Y) by Lg(x)= Ax forall x € X.

(b) If X has AK then B(X,Y) C (X,Y).

(c) We have A € (X, l~) if and only if

22) Il = sup sup{l(Aa)a : 2]l = 13) < oo

if A€ (X, lx) then

(2.3 1Lall = 1 All x40

23
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Proof. (a) This is 2.8.

(b) Let L € B(X,Y) be given.
We write L,, = P, o L for all n, and put a,;. = Ly (e'%)) for all n and k.
Let v = (xp)72, € X be given.
Since X has AK, x = Zzozoxke(k), and since Y is a BK space, L, € X*

for all n. Hence

Lp(z) = kal)n(e<k)) = Z aypxr = (Ax)y for all n,
k=0 k=0

and so L(z) = Ax.

(c) The sufficiency of (2.2) is trivial.
Assume A € (X,Y).

24
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Then L4 € B(X,l~) by Part (a), hence
| LA(2)]|oo < ||L4|| for all z € X,

and (2.2) is an immediate consequence.

Also, (2.3) is obvious from the definitions of the operator norm and the

norm |+ x40 s

25
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3. Multiplier and Dual Spaces

The so—called S—duals are of importance in the theory of matrix transfor-
mations. They are special cases of the multiplier spaces. Let cs and bs be

the sets of all convergent and bounded series.

Definition 3.1 Let X and Y be subsets of w. Then
M(X,Y)={a€w:ax = (apx})i2y €Y forallx € X}
is called the multipler space of X in Y. Special cases are

XY= M(X,l;), thea— dual of X,
X7 = M(X,cs), the f— dual of X,
X7 =M(X,bs), the~y— dual of X.

26
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Proposition 3.2 Let X, X, Y, Y] C w and {Xs} be a collection of

subsets of w. Then
(i) Y C Y| implies M(X,Y)C M(X,Y})
(i) X C Xy implies M(X{,Y)C M(X,Y)
(i) X C M(M(X,Y),Y)
(iv) M(X,Y)=M(MM(X,Y),Y),Y)

(v) M (L(SJX(;,Y> = QM(X(;,Y).

Definition 3.3 Let X D ¢ be an F'K space and X' be the continuous
dual of X. Then X/ = {(f(em)))%io . f € X'} is called the functional
dual of X.

27
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Theorem 3.4 (a) Let | denote any of the symbols «, 3 and ~. Then
XYc XV cX¥c X/ and X c X7,
(b) Let X D ¢ be an F'K space. Then

X7 = (clx ().
(c)If X CY then X > Y/ If X isclosed in Y then X/ =Y/,

Example 3.5 Let X = coD z with z unbounded. Then X is a BK space,
X =ty and X1 =1, s0o X A X/

Theorem 3.6 Let X D ¢ be an F K space.
(a) If X has AK then X" = X/,

(b) If X has AD then X" = X7.

28



Previous Next First Last Back Zoom To Fit FullScreen Quit

Theorem 3.7 Let X D ¢ be an F'K space. Then XB X' this means,
that there is a linear one—to—one map 1" : X B — X' If X has AK then

T is onto.

The map 1" of 3.7 is defined as follows
T -X% = X'
o
a— f, € X' where f, = Zakxk for all z € X.
k=0

Theorem 3.8 Let X D ¢ be an F K space. Then X/ = X' if and only
if X has AD.

29
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The following results do not extend to F'K spaces, in general.

Theorem 3.9 Let X D ¢ and Y be BK spaces. Then Z = M (X,Y) is
a BK space with

2] = sup{||zz]| : ||z]| < 1} for z € Z.
Theorem 3.10 Let X D ¢ be a BK space. Then X/ isa BK space.

Theorem 3.11 Let X D ¢ be a BK space. Then
Xff D C/X(gb).
Hence, if X has AD, then X C xX/7

30



Previous Next First Last Back Zoom To Fit FullScreen Quit

Example 3.12 (i) M (cy, c) = leo; (i) M(c,c) = ¢; (iii) M ({0, ) = cp.
Example 3.13 Let T denote any of the symbols o, (3 or . Then

wi=0: ¢l =w; o =T =l =1y

(= too; U=ty (1 <p<ooig=p/lp—1)).
Example 3.14 We have A= = ¢1. The map T of 3.7 is
not onto. We consider lim € X'. If there were a € X/ with lima =

> e o@rxy. then it would follow that aj = lim elk) — 0 hence limz = 0

for all © € c, contradicting lime = 1.
Example 3.15 Let X = ¢y z with z € {~. Then
XTI = =1y > X,

but X does not have AD, hence the condition of 3.10 is not

necessary.

31
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4. Matrix Transformations

We apply the results of the previous sections to give necessary and sufficient
conditions on the entries of a matrix A to be in a class (X,Y).

The first two results concern the transpose AL of a matrix A.

Theorem 4.1 Let X be an F'K space and Y be any set of sequences.
IfFA e (X,Y) then AT e (YP, X/,
If X and Y are BK spaces and Y has AD then

Al e (VP ey p(XP)).

Theorem 4.2 [et X and Z be BK spaces with AK andY = Z0.
Then (X,Y) = (XPPY); furthermore

A€ (X,Y) ifand only if AT € (Z, Xﬁ).

32
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Remark 4.3 The results of the previous sections yield the characterisations
of the classes (X,Y) where X and Y are any of the spaces (;, (1 <
p < 00), ¢, ¢ with the exceptions of ({;,{;) where both p,r # 1,00
(the characterisations are unknown), and of ({o,c) ( 1.2)

and ({0, co) ([S—T, 21 (21.1)] (no functional analytic proof seems to be
known).

The class ({9, {9) was characterised by Crone ([Cro] or [Ruc, pp. 111-115]).

Example 4.4 (a) We have (cp, loo) = (¢, o) = ({so, bo); furthermore
A € (Uso, lxo) if and only if

0.9
(4.1) | Al (50.00) = 5P Y lapy| < oo,
" k=0
If A is in any of the classes above then
ILAll = 1Al (50,00)-

33
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(b) ( 1.1) We have A € (c,c) if and only if (4.1) holds
and
(4.2) nh_)m@@ anl. = . exists for every k;
and
0
(4.3) nhmoo ?% Upj. = QU EXISts.

Proof. (a) We have A € (¢, () if and only if (4.1) by (2.2) in
2.18, and since cg = (1 and ¢;j and {1 are norm isomorphic.
Furthermore ¢ C ¢ C loo implies (£, Loo) C (¢, €xo) C (0, loo).
Also ({oo, leg) = (cgﬁ,éoo) by the first part of 4.2,

The last part is obvious from 2.18.

(b) This is an immediate consequence of Part (a), and 2.16 and

34
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2.17. ]

Example 4.5 We have ({1,(1) = B({1,¢1) and A € ({1,£7) if and only if

O
(4.4) [All11) = SI;PZ k| < o0
n=0

If A € (61,51) then

(4.5) 1L all = 1Al 0p):
Proof. Since {1 has AK, 2.18 (b) yields the first part.
We apply the second part of 4.2 with X = 0y, Z = ¢y, BK

spaces with AK, and Y = 708 = (1 to obtain A € (¢1,¢;) if and only if
Al € (U, lo); by 4.4 (a), this is the case if and only if (4.4) is

35
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satisfied.
Furthermore, if A € (¢1,¢1) then
0@ 0. @) o &0
1La@)l =) 1D apeze| <D0 langzgl < Al gzl
n=0 | k=0 k=0 n=0
implies
LAl < | All1,1):

Also have L 4 € B(/1, () implies

ILa(@)llL = lAzlly < I Lall [l]]1,
and it follows from He(k)|]1 = 1 for all £ that

0
k
401 = sp 3 lani] = sup [Lae®) 1 < L4l
n=0

36
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5. Measures of Noncompactness

Now we find necessary and sufficient conditions for a matrix A € (X,Y)

to define a compact operator L 4.

This can be achieved by applying the Hausdorff measure of noncompact-

NESS.

The first measure of noncompactness was defined and studied by Kura-
towski ([Kur]), and later used by Darbo ([Dar]).

The Hausdorff measure of noncompactness was introduced and studied by
Goldenstein, Gohberg and Markus (| ).

Istratesku introduced and studied the Istratesku measure of noncompact-

ness ([st]).

The interested reader is referred for measures on noncompactness to |

, Istl, , M-R].

37
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We will only consider the Hausdorff measure of noncompactness; it is the

most suitable one for our purposes.
Let (X, d) be a metric space, g € X and 7 > 0. Then

B(xg,r) =4{x € X 1 d(z,xp) <r}

denotes the open ball of radius 7, centred at x.

Definition 5.1 Let (X, d) be a metric space and M denote the collection
of bounded subsets of X. The function x : M — [0, 00) with

\

n
X(Q)=4e>0:QC UB(S%?“/@); TR € X, Tp <€
k=0

/
is called Hausdorff measure of noncompactness; x(Q)) is called

the Hausdorff measure of noncompactness of O.

38
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Proposition 5.2 Let X be a metric space and (),()1,()o € M. Then

x(Q) = 0 if and only if ) is totally bounded,
X(Q) = x(Q),

Q1 C Qo implies x(Q1) < x(Q2),

X(Q1 U Q2) = max{x(Q1), x(@2)},

X(Q1 N Q2) < min{x(Q1), x(Q2)}.

Proposition 5.3 Let X be a normed space and (),()1,()o € M. Then

( (Q1) + x(Q2),

X(Q+x) =x(Q) forall x € X,
( )
(

39
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Theorem 5.4 (Goldenstein, Gohberg,Markus) (| )
Let X be a Banach space with a Schauder basis (by)7” ,, () € M and
Pn - X — X be the projector onto the linear span of {by, by, ...,bp}.

Then
(51) = limsup (Sup (I — Pn>(93)> < X(Q) <

ad n—oo \zeQ

< lim sup (Sup (1 — Pn)(@)

n—oo QjEQ

where
a = limsup ||[I — Pyl|.

n—aoo
So far we considered the measure of noncompactness of bounded subsets
of a metric space. Now we define the measure of noncompactness of an

operator.

40
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Definition 5.5 Let k1 and ko be measures of noncompactness on the
Banach spaces X and Y, and M x and My denote the collections of
bounded sets in X andY . An operator L : X — Y is said to be (K1, ko)—
bounded if

L(Q) € My forall Q € Mx

and there exists a non—negative real c such that

ro(L(Q)) < ck1(Q) for all Q € Mx.

If an operator L is (K1, ko)—bounded, then the number
1L (1o p) = Inf{e > 02 k2(L(Q)) < cr1(Q) for all Q € Mx}

is called the (K1, kg)—mesaure of noncompactness of L.
If k = K1 = Ky, then we write ||L||x = [| L]} .

41



Previous Next First Last Back Zoom To Fit FullScreen Quit

Theorem 5.6 Let X and Y be Banach spaces, . € B(X,Y), Sx and
B x be the unit sphere and the closed unit ball in X, and x be the Hausdorff

measure of noncompactness.

Then
(5.2) ILlly = x(L(Sx)) = x(L(Bx)).

Theorem 5.7 Let X, Y and Z be Banach spaces, L. € B(X,Y), L €
B(Y,Z), and C(X,Y) denote the set of compact operators in B(X,Y).
Then || - ||y is a seminorm on B(X,Y) and

(5.3) |L||y=0ifand only if L € C(X,Y),
1L o L[y < [[L][x L]y
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Theorem 5.8 Let . € B(/1,¢1), and A denote the infinite matrix such
that L(x) = Ax for all x € 1. Then L € C({1,¢y) if and only if

O
(5.4) i (Sipz ank> = 0.
n=r

Proof. By Theorem 2.18 (b), every L € B(X,Y) can be represented by
a matrix A € (X, Y).

Writing S' = Sy, we have by (5.2) in 5.6

L[]y = x(L(5))
Forr=20,1,..., let A") be the matrix with the first 7 rows replaced by
0. Then

(I = Pr_) (L)1 = [[A)z|;
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hence, by (4.4) in 4.5,

sup (1 = Pr-1) (L)) = 1A g0y = s%pz .

Since obviously ||I — P,_1|| = 1 for all r, and the limit on the right hand
side of (5.4) exists, it follows from (5.1) in 5.4 that

Finally it follows from (5.3) in 5.7 that L € C(X,Y) if and only
if (5.4) is satisfied. ]

Remark 5.9 /It follows from 5.8 and 4.5 that every L €
B(X,Y) is compact.
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